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Abstract	  A	   laser	   frequency	   combs	   is	   a	  broad	   spectrum	  composed	  of	   equidistant	  narrow	  lines.	   Initially	   invented	   for	   frequency	   metrology,	   such	   combs	   enable	   new	  approaches	   to	   spectroscopy	   over	   broad	   spectral	   bandwidths,	   of	   particular	  relevance	   to	   molecules.	   With	   optical	   frequency	   combs,	   the	   performance	   of	  existing	   spectrometers,	   such	   as	   Michelson-­‐based	   Fourier	   transform	  interferometers	  or	  crossed	  dispersers,	  involving	  e.g.	  virtual	  imaging	  phase	  array	  (VIPA)	   étalons,	   is	   dramatically	   enhanced.	   Novel	   types	   of	   instruments,	   such	   as	  dual-­‐comb	  spectrometers,	   lead	   to	   a	  new	  class	  of	  devices	  without	  moving	  parts	  for	   accurate	   measurements	   over	   broad	   spectral	   ranges.	   The	   direct	   self-­‐calibration	  of	  the	  frequency	  scale	  of	  the	  spectra	  within	  the	  accuracy	  of	  an	  atomic	  clock	  and	  the	  negligible	  contribution	  of	   the	   instrumental	   line-­‐shape	  will	  enable	  determinations	   of	   all	   spectral	   parameters	   with	   high	   accuracy	   for	   stringent	  comparisons	   with	   theories	   in	   atomic	   and	   molecular	   physics.	   Chip-­‐scale	  frequency-­‐comb	  spectrometers	  promise	  integrated	  devices	  for	  real-­‐time	  sensing	  in	  analytical	  chemistry	  and	  biomedicine.	  This	  review	  article	  gives	  a	  summary	  of	  advances	   in	   the	   emerging	   and	   rapidly	   advancing	   field	  of	   atomic	   and	  molecular	  broadband	  spectroscopy	  with	  frequency	  combs.	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1.	  Introduction	  
	  A	  frequency	  comb	  is	  a	  spectrum	  of	  phase-­‐coherent	  evenly	  spaced	  narrow	  laser	  lines	   (Fig.	   1a).	   Frequency	   combs1	   have	   revolutionized	   time	   and	   frequency	  metrology	  in	  the	  late	  1990’s	  by	  providing	  rulers	  in	  frequency	  space	  that	  measure	  large	  optical	  frequency	  differences	  and/or	  straightforwardly	  link	  microwave	  and	  optical	   frequencies.	   Very	   rapidly,	   frequency	   combs	   have	   found	   applications	  beyond	  the	  original	  purpose.	  For	  instance,	  they	  provide	  long-­‐term	  calibration	  of	  large	  astronomical	  spectrographs2;	  by	  enabling	  the	  control	  of	  the	  relative	  phase	  between	  the	  envelope	  and	  the	  carrier	  of	  ultrashort	  pulses,	   they	  have	  become	  a	  key	   to	   attosecond	   science3;	   low-­‐noise	   frequency	   combs	   of	   high	   repetition	  frequency	   benefit	   radio-­‐frequency	   arbitrary	   waveform	   generation	   and	   optical	  communications4.	   In	   the	   present	   review	   article,	   we	   focus	   on	   their	   impact	   in	  spectroscopy	  where	  the	  frequency	  comb	  is	  used	  to	  directly	  excite	  or	  interrogate	  the	  sample.	  This	   field	   is	   sometimes	  called	  direct	   frequency	  comb	  spectroscopy,	  or	   broadband	   spectroscopy	  with	   frequency	   combs.	   In	   the	   following,	  we	   coin	   it	  frequency	   comb	   spectroscopy.	  We	  do	   not	   discuss	   the	   applications	   to	   precision	  spectroscopy	   where	   the	   comb	   is	   used	   as	   a	   frequency	   ruler,	   also	   called	   comb-­‐assisted	  or	  comb-­‐referenced	  spectroscopy,	  for	  which	  the	  reader	  can	  refer	  e.g.	  to	  Refs.	   5,	   6.	   In	   addition,	   we	   explicitly	   concentrate	   on	   a	   selection	   of	   comb	  synthesizers	  and	  techniques	  where	  the	  comb	  structure	  is	  exploited,	  even	  though	  the	  field	  of	  spectroscopy	  with	  broadband	  coherent	  sources	  of	  other	  types	  is	  also	  exhibiting	  significant	  progress.	  This	  review	  article	  presents	  a	  summary	  of	  advances	   in	   the	  growing	   field	  of	  frequency	   comb	   spectroscopy	   and	   its	   emerging	   applications.	   The	   advent	   of	  frequency	   comb	   spectroscopy	   brings	   a	   set	   of	   new	   tools	   to	   spectroscopy	   in	   all	  phases	  of	  matter.	   In	   the	   simplest	   approach	   (Fig.	   1b),	   a	   frequency	   comb	  excites	  and	   interrogates	   the	   sample.	   The	   spectral	   response	   of	   the	   sample,	   due	   e.g.	   to	  linear	  absorption	  or	  to	  a	  nonlinear	  phenomenon,	  may	  span	  the	  entire	  bandwidth	  of	   the	   comb	   and	   therefore	   a	   spectrometer	   is	   required	   (apart	   from	   exceptions,	  presented	  e.g.	  in	  sections	  3.1	  and	  3.2).	  Despite	  daunting	  technical	  challenges,	  the	  last	  decade	  has	  witnessed	  remarkable	  progress	  in	  laser	  frequency-­‐comb	  sources	  dedicated	   to	   broadband	   spectroscopy,	   especially	   in	   the	   molecular-­‐fingerprint	  mid-­‐infrared	   (2-­‐20	   µm)	   region	   and	   the	   ultraviolet	   range	   (<400	   nm).	   Existing	  spectrometers	   and	   spectrometric	   techniques	   are	   adapted	   and	   improved	   to	  resolve	   individual	   comb	   lines,	   while	   comb-­‐enabled	   instruments	   are	   explored.	  First	   studies	   suggest	   new	   opportunities	   for	   exploring	   atomic	   and	   molecular	  structure	   and	   dynamics.	   Meanwhile,	   spectroscopic	   sensors,	   with	   enhanced	  capabilities	  to	  probe	  a	  variety	  of	  environments,	  are	  devised.	  Frequency	  comb	  spectroscopy	  has	  been	   the	   first	  application	  of	  a	   frequency	  comb	   in	   the	   1970’s.	   The	   regular	   train	   of	   picosecond	   pulses	   of	   a	   mode-­‐locked	  laser	   was	   then	   shown	   to	   be	   usable	   for	   Doppler-­‐free	   two-­‐photon	   excitation	  spectroscopy	  of	  simple	  atoms	  7,	  8,	  with	  the	  same	  efficiency	  as	  a	  continuous-­‐wave	  laser	  of	   the	   same	  average	  power	   8,	  9.	  Although	   the	  narrow	  spectral	   span	  at	   the	  output	  of	  a	  picosecond	  laser	  would	  not	  allow	  absolute	  referencing,	  the	  role	  of	  the	  carrier-­‐envelope	  offset	  frequency	  in	  the	  comb	  spectrum	  was	  already	  understood	  at	   that	   time	   10.	   In	   the	   2000’s,	   after	   self-­‐referencing11	   of	   femtosecond	   laser	  synthesizers	   established	   the	   power	   of	   frequency-­‐comb	   techniques	   for	   comb-­‐
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assisted	  precision	   spectroscopy,	   frequency	   comb	  spectroscopy	  began	   to	  attract	  the	  interest	  of	  a	  few	  research	  groups	  12-­‐20.	  Stimulated	  by	  a	  number	  of	  intriguing	  proof-­‐of-­‐principle	   demonstrations,	   the	   field	   has	   grown	   to	   a	   hot	   research	   topic	  and,	   with	   new	   research	   groups	   constantly	   getting	   involved,	   novel	   clever	   and	  unforeseen	  applications	  emerge.	  Most	  of	  the	  time,	  frequency	  comb	  spectroscopy	  implies	  spectroscopy	  over	  a	  broad	  spectral	  bandwidth,	  of	  particular	  relevance	  to	  molecular	  spectroscopy.	  	  	  	  	  
	  
	  
Figure	  1.	  Principle	  of	  a	  frequency	  comb	  and	  sketch	  of	  a	  simple	  experiment	  of	  frequency	  
comb	  spectroscopy.	  
a.	  Time	  domain	  representation	  of	  the	  train	  of	  ultra-­‐short	  pulses	  of	  period	  1/frep	  at	  the	  output	  of	  a	  mode-­‐locked	   laser	   and	   the	   corresponding	   spectrum	   of	   narrow	   lines	   of	   a	   frequency	   comb.	   The	  phase-­‐shift	   Δφ	   of	   the	   carrier	   of	   the	   wave	   relatively	   to	   the	   envelope	   of	   the	   pulses	   induces	   a	  translation	  f0	  = frep Δφ/2π 	  of	  all	  the	  lines	  in	  the	  spectrum	  from	  their	  harmonic	  frequencies	  nfrep	  .	  
b.	  In	  the	  simplest	  experiment	  of	  frequency	  comb	  spectroscopy,	  a	  frequency	  comb	  as	  a	  broadband	  light	   source	   interrogates	   an	   absorbing	   sample	   and	   a	   spectrometer	   analyzes	   the	   transmission	  spectrum.	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2.	  Frequency-­‐comb	  light	  sources	  for	  spectroscopy.	  	  2.1	  General	  characteristics.	  Often,	  a	   comb	   is	  generated	  by	  a	  mode-­‐locked	   laser	   system.	   In	   the	   time	  domain	  (Fig.	  1a),	  a	   train	  of	  ultrashort	  pulses	   is	  emitted	  at	   the	  output	  of	   the	  cavity.	  The	  period	  of	  the	  envelope	  of	  the	  pulses,	  1/frep=	  L/vg	  ,	  corresponds	  to	  the	  round-­‐trip	  time	  inside	  a	  laser	  cavity	  of	  round-­‐trip	  length	  L	  and	  group	  velocity	  of	  the	  light	  vg.	  Due	  to	  dispersion	  inside	  the	  cavity,	  a	  pulse-­‐to-­‐pulse	  phase-­‐shift	  Δφ	  between	  the	  carrier	   and	   the	   envelope	   of	   the	   electric	   field	   of	   the	   pulses	   is	   observed.	   In	   the	  frequency	   domain,	   the	   associated	   spectrum	   is	   composed	   of	   a	   discrete	   set	   of	  evenly	  spaced	  narrow	  lines	  with	  frequencies	  fn	  that	  can	  be	  written	  fn=	  n	  frep	  +	  f0,	  where	  n	  is	  a	  large	  integer,	  frep	  is	  the	  repetition	  frequency	  of	  the	  envelope	  of	  the	  pulses	  and	   f0	   is	  the	  carrier-­‐envelope	  offset	   frequency,	  related	  to	  the	  phase-­‐shift	  
Δφ	  by	  the	  relationship	  f0	  = frep Δφ/2π 	  (Fig.	  1a).	  In	   the	   following,	   we	   discuss	   some	   common	   features	   that	   apply	   to	   many	  experiments	  in	  frequency	  comb	  spectroscopy.	  	  All	   regions	  of	   the	  electro-­‐magnetic	  spectrum	  offer	   interesting	  opportunities	   for	  spectroscopy.	   However,	   many	   applications	   involve	   interrogating	   strong	  rotational	   or	   ro-­‐vibrational	   transitions	   in	   molecules	   or	   electronic	   (rovibronic)	  transitions	   in	   atoms	   (molecules).	   Therefore,	   the	   targeted	   regions	   are	   the	   sub-­‐millimetre	   (also	   called	  THz.	  Wavelength	   range:	   100µm-­‐1mm;	   frequency	   range:	  0.3-­‐3THz),	   the	   far-­‐	   (100-­‐20	   µm,	   3-­‐15THz),	   the	   mid-­‐	   infrared	   (2-­‐20	   µm,	   15-­‐150THz)	  and	  the	  ultra-­‐violet	  (<400	  nm,	  >750	  THz)	  ranges.	  	  A	  broad	  spectral	  span	  is	  advantageous,	  especially	  for	  spectroscopy	  of	  molecules.	  Most	   spectrometers	  have	  a	   limited	  dynamic	   range	  and	   therefore	   combs	  with	   a	  flat	   intensity	   spectral	   distribution	   are	   also	   beneficial.	   Furthermore,	   not	   all	  applications	   require	   self-­‐referencing.	   Many	   combs	   for	   frequency	   comb	  spectroscopy	  use	  the	  output	  of	  the	  laser	  system,	  possibly	  moderately	  broadened	  in	  a	  nonlinear	  fibre,	  rather	  than	  the	  octave-­‐spanning	  spectrum,	  used	  for	  instance	  in	  f-­‐2f	  interferometers,	  that	  suffers	  from	  strong	  variations	  of	  intensity	  across	  the	  span.	  	  Experiments	   of	   linear	   spectroscopy	   usually	   do	   not	   require	   a	   large	   average	  power,	   as	   the	   single	   photodiode	   or	   the	   camera	   of	   the	   spectrometer	   can	   only	  admit	  a	  limited	  power.	  Therefore,	  many	  experiments	  of	  absorption	  spectroscopy	  harness	   an	   average	   power	   on	   the	   µW-­‐	   or	   mW-­‐scale.	   Conversely,	   experiments	  involving	   the	   generation	   of	   nonlinear	   phenomena	   at	   the	   sample	   often	   require	  high	  pulse	  energies	  and	  therefore	  higher	  average	  power,	  up	  to	  the	  W	  level,	  are	  reported.	  The	   most	   suited	   repetition	   frequency	   strongly	   depends	   on	   the	   type	   of	  spectroscopy	  and	  the	  type	  of	  sample.	  Ideally,	  the	  repetition	  frequency	  should	  be	  similar	  to	  the	  desired	  spectral	  resolution.	  Furthermore,	  resolving	  the	  individual	  comb	  lines	  brings	  the	  possibility	  of	  defining	  the	  spectral	  elements	  more	  precisely	  than	  by	  their	  spacing	  and	  of	  directly	  calibrating	  the	  frequency	  scale,	  rather	  than	  relying	  on	   spectral	   reference	   lines.	   For	   samples	   in	   the	   condensed	  phase,	   a	   line	  spacing	  in	  the	  range	  50-­‐500	  GHz	  may	  be	  desirable.	  Conversely,	   for	  the	  study	  of	  Doppler-­‐broadened	  transitions	  of	  light	  gas	  molecules	  at	  room	  temperature	  in	  the	  mid-­‐infrared	   region,	   a	   repetition	   frequency	   in	   the	   range	   50-­‐200	   MHz	   is	  advantageous.	  Doppler-­‐free	  spectroscopy,	  heavy	  molecules,	  or	  cold	  samples	  may	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require	  an	  even	  narrower	  spacing.	  However,	  few	  spectrometers	  have	  a	  sufficient	  resolution	  to	  resolve	  such	  comb	  lines	  directly.	  	  Figure	   2	   provides	   an	   illustration	   of	   the	   spans	   and	   repetition	   frequencies	   of	  selected	  comb	  generators	  across	  the	  sub-­‐millimetre	  and	  infrared	  regions.	  	  	  	  
	  
	  
Figure	  2.	  Spectral	  coverage	  with	  a	  selection	  of	  sources	  available	  for	  frequency	  comb	  
spectroscopy	  Overview	   of	   the	   spectral	   spans	   and	   repetition	   frequencies	   accessible	   with	   femtosecond	   lasers	  (bar	   in	   black),	   semiconductor	   lasers	   (red),	   microresonator	   based	   Kerr	   combs	   (dark	   blue),	  difference	  frequency	  generation	  (violet),	  optical	  parametric	  oscillators	  (green)	  and	  electro-­‐optic	  modulators	   (cyan)	   from	   the	  THz	   to	   the	  near-­‐infrared	  region.	  The	  width	  of	  each	  bar	   represents	  the	   spectral	   span	   over	  which	   the	   respective	   comb	   emits	   (dashed	   line:	   tuning	   range,	   solid	   line:	  span	  for	  one	  setting)	  and	  the	  ordinate	  gives	  the	  repetition	  frequency	  of	  the	  source.	  The	  selection,	  which	   focuses	  on	  comb	  sources	  designed	   for	   spectroscopy,	   is	   intended	  as	  an	   illustration	  and	   it	  does	  not	  provide	  an	  exhaustive	  summary	  of	  available	  frequency	  comb	  generators.	  	  	  	  	  2.2	  Near-­‐infrared	  region.	  Frequency-­‐comb	  technology	  in	  the	  near-­‐infrared	  region	  (800nm–2µm,	  150-­‐375	  THz)	   is	   now	   mature.	   Frequency-­‐comb	   mode-­‐locked	   lasers	   are	   commercially	  available,	   the	   most	   widespread	   gain	   media	   being	   Ti:Sa	   and	   fibres	   doped	   with	  ytterbium,	   erbium,	   thulium	   or	   holmium.	   Recent	   developments	   of	   sources	  without	   mode-­‐locked	   lasers	   expand	   the	   capabilities	   in	   terms	   of	   repetition	  frequency,	   span,	   compactness	   etc.	   Many	   approaches	   that	   have	   a	   potential	   for	  operation	   in	   the	  mid-­‐infrared	   region	   are	   first	   tested	   in	   the	   telecommunication	  region	  around	  1.5	  µm	  (200	  THz).	  Soliton	  Kerr	  combs	  generated	  in	  high-­‐quality-­‐factor	   micro-­‐resonators,	   as	   reviewed	   in	   ref.21,	   provide	   convenient	   access	   to	   a	  range	  of	  repetition	  frequencies,	  from	  10	  GHz	  to	  1	  THz,	  which	  is	  difficult,	  or	  even	  impossible,	   to	   reach	   with	   conventional	   mode-­‐locked	   lasers.	   The	   recent	  demonstration	  of	  a	  battery-­‐operated	  Kerr	  frequency-­‐comb	  generator	  22,	  as	  well	  as	   that	   of	   a	   III-­‐V-­‐on-­‐Si	   mode-­‐locked	   laser23,	   holds	   much	   promise	   for	   fully	  integrated	   chip-­‐based	   synthesizers.	   Frequency-­‐agile	   combs24,	   25,	   based	   on	  architectures	   involving	  one	  or	  several	  electro-­‐optic	  modulators,	  exhibit	   flat-­‐top	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spectra	  with	  a	  moderate	  number	  of	   lines	   (up	   to	  10,000)	  but	  a	   freely	  selectable	  line	  spacing	  and	  a	  centre	  frequency	  that	  can	  be	  rapidly	  tuned.	  	  	  2.3	  Sub-­‐millimetre	  (THz)	  and	  far-­‐infrared	  region.	  Frequency-­‐comb	  sources	  directly	  emitting	  in	  the	  THz	  (1	  mm-­‐100	  μm,	  0.3-­‐3	  THz)	  and	  far-­‐infrared	  (100-­‐20	  µm,	  3-­‐15	  THz)	  regions	  have	   long	  remained	  inexistent.	  Therefore,	  the	  main	  approach	  for	  generating	  a	  THz	  frequency	  comb	  has	  been	  to	  down-­‐convert	   a	   near-­‐infrared	   frequency	   comb	   by	   nonlinear	   frequency	  conversion	   using	   photomixing	   in	   photoconductive	   antennas14	   or	   optical	  rectification	  in	  crystals.	  Offset-­‐free	  combs,	  of	  an	  average	  power	  usually	  limited	  to	  a	  few	  microwatts,	  are	  produced	  with	  the	  same	  line	  spacing	  as	  the	  near-­‐infrared	  combs.	  The	  use	  of	   fibre	   lasers	   as	  near-­‐infrared	  pumps	  and	   the	  design	  of	  novel	  photoconductive	   emitters	  with	  plasmonic	   enhancement26	  point	   to	  THz	   sources	  of	  smaller	  footprint	  and	  higher	  average	  power.	  THz	   quantum-­‐cascade	   frequency-­‐comb	   lasers27	   hold	   promise	   for	   versatile	   and	  compact	   high-­‐power	   electrically-­‐pumped	   semiconductor	   sources	   that	   do	   not	  produce	  pulses,	  but	  still	  generate	  an	  array	  of	  a	  few	  hundreds	  of	  phase-­‐coherent	  lines	  by	  four-­‐wave	  mixing.	  With	  a	  careful	  design	  of	  the	  dispersion	  compensation,	  frequency-­‐comb	  operation	  over	  a	  bandwidth	  close	  to	  an	  octave,	  around	  a	  central	  frequency	   of	   3	   THz	   (100µm),	   features	   28 a	   power	   of	   10	   mW	   and	   a	   comb-­‐line	  spacing	  of	  about	  13	  GHz.	  Conversely,	   at	   large-­‐scale	   facilities,	   synchrotron	   radiation	   in	   the	   so-­‐called	  coherent	  mode	  shows	  temporal	  coherence,	  from	  one	  electron	  bunch	  to	  the	  next	  and	  over	  a	  revolution	  period	  in	  the	  storage	  ring	  29.	  This	  intriguing	  phenomenon	  remains	  to	  be	  exploited	  for	  spectroscopy.	  	  2.4	  Mid-­‐infrared	  region.	  Similarly,	   the	   mid-­‐infrared	   region	   (2-­‐20	   µm,	   15-­‐150	   THz)	   is	   technologically	  challenging.	  Ref.	   30	   reviews	   the	   field	  until	  2012.	  Since	   then,	  direct	  mid-­‐infrared	  generation	   of	   ultra-­‐short	   pulses	   has	   progressed	   with	   e.g.	   a	   promising	   mode-­‐locked	  Er3+-­‐doped	   fluoride	  glass	   fibre	   laser	  of	  200-­‐fs	  pulse	  duration31	  at	  2.8µm	  (110	  THz).	  As	  erbium,	   thulium	  and	  holmium	  present	   several	   gain	  bands	   in	   the	  mid-­‐infrared	   region,	   further	   breakthroughs	   may	   be	   expected.	   Remarkable	  advances	   have	   also	   been	   achieved	   with	   new	   materials	   32	   and	   platforms	   for	  nonlinear	  frequency	  conversion	  and	  with	  quantum	  cascade	  lasers.	  Access	  to	  long	  wavelengths	   up	   to	   12	   µm	   (frequencies	   down	   to	   25	   THz)	   has	   become	   possible	  with	   nonlinear	   crystals	   such	   as	   orientation-­‐patterned	   gallium	   phosphide	   33	   or	  LiGaS2	  34.	  Microresonators	   35,	  36	   and	  waveguides	   37-­‐39	   generate	  or	  broaden	  mid-­‐infrared	  spectra,	  with	  on-­‐chip	  silicon	  or	  silicon-­‐nitride	  platforms,	  as	  reviewed	  in	  Ref.	   40.	  Quantum-­‐cascade	   41	   and	   interband-­‐cascade	   42	   laser	   frequency	   combs	  of	  GHz	  line	  spacing	  cover	  several	  spectral	  bands	  between	  3	  and	  9	  µm	  (33-­‐100	  THz)	  at	   an	   average	   power	   up	   to	   the	  Watt	   level,	  with	   about	   100-­‐200	   comb	   lines.	   As	  quantum	   cascade	   devices	   also	   operate	   as	   detectors,	   they	   show	   an	   intriguing	  potential	  for	  fully	  integrated	  broadband	  spectrometers.	  	  2.5	  Visible	  and	  ultraviolet	  regions.	  The	  visible	  and	  near-­‐ultraviolet	  regions,	  down	  to	  wavelengths	  of	  about	  200	  nm	  (1,500	   THz),	   are	   conveniently	   accessible	   by	   frequency-­‐comb	   techniques	   using	  spectral	   broadening	   of	   near-­‐infrared	   lasers	   in	   nonlinear	   waveguides	   and/or	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harmonic-­‐	  or	  sum-­‐frequency	  conversion	  in	  nonlinear	  crystals.	  New	  crystals,	  such	  as	  KBe2BO3F2	   or	   Li4Sr(BO3)2	   43,	  may	   extend	   the	   range	   down	   to	   160	  nm	   (up	   to	  1,870	  THz).	  Reaching	  shorter	  wavelengths	  involves	  high-­‐harmonic	  generation	  in	  a	  rare	  gas,	  a	  very	  non-­‐efficient	  process.	  For	  generating	  frequency	  combs	  of	  high	  repetition	   frequency	  (>20	  MHz)	  suited	   for	  direct	   frequency	  comb	  spectroscopy	  in	  the	  extreme	  ultraviolet,	  the	  approach	  has	  been	  to	  inject	  the	  equidistant	  modes	  of	   an	   infrared,	   or	   visible,	   frequency	   comb	   into	   a	   resonant	   passive	   cavity	  containing	  the	  focus	  for	  the	  gas	  target	  44,	  45.	  After	  each	  pass	  through	  the	  focus,	  the	  non-­‐converted	   portion	   of	   the	   light	   pulse	   is	   coherently	   overlapped	   with	   the	  successive	  pulse	   from	  the	   laser.	   In	   this	  way,	   the	   intensity	  enhancement	  needed	  for	  high-­‐harmonic	  generation	  can	  be	  reached.	  The	  approach	  is	  complex,	  as	  it	  also	  requires	  suitable	  out-­‐coupling	  of	  the	  ultraviolet	  light	  and	  optimization	  of	  phase-­‐matching	   effects	   that	   control	   the	   build-­‐up	   of	   the	   harmonic	   signal	   over	   the	  interaction	  length.	  Recently,	  a	  record	  average	  power	  of	  0.7	  mW	  for	  a	  harmonic	  at	  63	   nm	   (4,760	   THz)	   has	   been	   reported	   46	   at	   a	   repetition	   frequency	   of	   77	  MHz,	  using	  a	  swept	  cavity.	  	  
	  
	  
3.	  Spectrometric	  techniques	  for	  frequency	  comb	  spectroscopy	  	  In	  most	   cases,	   the	   frequency-­‐comb	   generator	   is	   a	   broadband	   light	   source	   that	  simultaneously	   excites	   several	   (many)	   transitions	   of	   the	   sample.	   Therefore,	   a	  spectrometer	   is	   needed,	   except	   for	   limited	   comb	   spans	   and/or	   very	   simple	  spectra.	   If	   the	   spectrometer	  has	   sufficient	   resolution,	   the	   individual	   comb	   lines	  may	   be	   resolved,	   enabling	   self-­‐calibration	   of	   the	   frequency	   scale.	   Then	   the	  resolution	   is	   determined	   by	   the	   comb	   repetition	   frequency	   frep,	   although	   the	  spectral	  elements	  may	  be	  defined	  with	  a	  significantly	  higher	  precision.	  Once	  the	  resolution	   of	   the	   spectrometer	   is	   equal	   to	   –	   or	   better	   than	   –	   the	   comb	   line	  spacing,	   the	   instrumental	   line-­‐shape,	   that	   convolves	   the	   atomic	   or	   molecular	  transitions,	  becomes	  determined	  by	  the	  width	  of	  the	  individual	  comb	  lines	  rather	  than	   by	   the	   spectrometer	   response.	   With	   a	   comb	   of	   narrow	   lines,	   the	  contribution	  of	  the	  instrumental	  line-­‐shape	  becomes	  negligible	  when	  the	  atomic	  or	  molecular	  resonances	  have	  a	  width	  similar	  to	  or	  broader	  than	  the	  line	  spacing	  
frep	   of	   the	   comb.	   Before	   the	   advent	   of	   frequency	   comb	   spectroscopy,	   the	  instrumental	  line-­‐shape	  in	  multiplex	  or	  multichannel	  spectroscopy	  used	  to	  be,	  at	  best,	  of	  similar	  width	  as	  the	  transitions.	  Furthermore,	  assuming	  that	  the	  sample	  does	  not	  change	  with	  time,	  the	  resolution	  may	  be	  enhanced,	  fundamentally	  down	  to	  the	  intrinsic	  comb	  line-­‐width,	  by	  interlaying	  several	  spectra	  recorded	  e.g.	  with	  a	   tuned	   comb	  offset	   frequency	   f0.	  We	   survey	  below	   the	   specific	   features	  of	   the	  spectrometric	  approaches	  that	  have	  been	  developed	  and	  exploited.	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Figure	  3.	  Spectrometric	  techniques	  for	  frequency	  comb	  spectroscopy.	  
a.	  Direct	  frequency	  comb	  spectroscopy	  with	  the	  example	  of	  two-­‐photon	  Doppler-­‐free	  excitation	  in	  a	  standing	  wave	  and	  detection	  of	  fluorescence	  of	  the	  sample.	  
b.	  Ramsey-­‐comb	  spectroscopy	  also	  with	  the	  example	  of	  two-­‐photon	  Doppler-­‐free	  excitation	  in	  a	  standing	  wave	  and	  detection	  of	  fluorescence	  of	  the	  sample.	  
c.	  Frequency-­‐comb	  spectrometry	  with	  a	  disperser	   for	  absorption	  measurements.	  Here	  a	  simple	  grating	  and	  a	  detector	  array	  are	  represented.	  	  
d.	   Frequency-­‐comb	   Fourier	   transform	   spectroscopy	  with	   a	   scanning	  Michelson	   interferometer	  and	  an	  absorbing	  sample.	  
e.	   Dual-­‐comb	   spectroscopy	  with	   one	   comb	   interrogating	   the	   sample	   and	   the	   other	   acting	   as	   a	  local	  oscillator.	  The	  absorption	  and	  the	  dispersion	  of	  the	  sample	  are	  measured.	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  3.1	  Direct	  frequency	  comb	  spectroscopy	  Direct	  frequency	  comb	  spectroscopy	  8	  (Fig.	  3a)	  is	  the	  simplest	  approach	  to	  linear	  or	  nonlinear	  frequency	  comb	  spectroscopy.	  For	  linear	  spectroscopy	  20,	  47,	  a	  single	  comb	  line	  is	  resonant	  with	  a	  transition	  and	  all	  the	  other	  lines	  should	  ideally	  be	  detuned	  from	  resonances.	  For	  two-­‐photon	  excitation	  8,	  20,	  48,	  many	  pairs	  of	  comb	  lines	  of	  the	  same	  sum	  frequency	  contribute	  to	  the	  excitation	  (Fig.4a),	  which	  can	  be	  as	  efficient	  as	  with	  a	  continuous-­‐wave	  laser	  of	  the	  same	  average	  power.	  The	  excitation	   can	   even	   be	   Doppler-­‐free	   if	   the	   atoms	   are	   excited	   by	   two	   counter-­‐propagating	   pulses	   forming	   a	   standing	   wave.	   The	   different	   schemes	   of	   two-­‐photon	   excitation	   include	   stimulated	   Raman	   effects	   49.	   The	   response	   of	   the	  sample,	   e.g.	   its	   transmission,	   its	   fluorescence	  or	   its	   ionization	   rate,	   is	   recorded	  using	   a	   single	   detector.	   Sweeping	   e.g.	   the	   comb	   carrier-­‐envelope	   frequency	   f0	  scans	  the	  spectrum,	  which	  is	  measured	  with	  a	  free-­‐spectral	  range	  (Fig.5a)	  equal	  to	   the	   comb	   line	   spacing	   frep,	   ideally	   large.	   The	   approach	   is	   therefore	   only	  suitable	  for	  simple	  spectra	  comprising	  a	  few	  narrow	  transitions	  within	  the	  range	  of	  excitation	  and	  it	  has	  consequently	  been	  limited	  to	  gas-­‐phase	  atomic	  systems.	  The	   technique	   is	   powerful,	   though:	   it	   is	   simple	   to	   implement	   compared	   to	  techniques	  requiring	  a	  spectrometer;	  absolute	  frequency	  calibration	  is	  obtained	  through	  knowledge	  of	   the	   repetition	   frequency	   frep	   and	  of	   the	   carrier-­‐envelope	  offset	  frequency	  f0;	  as	  frequency	  combs	  often	  involve	  intense	  ultra-­‐short	  pulses,	  nonlinear	   frequency	   conversion	   may	   be	   efficient	   and	   allows	   interrogating	  transitions	   in	   spectral	   ranges	   that	   are	   difficult	   or	   impossible	   to	   access	   with	  continuous-­‐wave	   lasers.	   Pulse	   shaping	   allows	   to	   reduce	   the	   residual	   Doppler	  effect	   and	   to	   excite	   different	   transitions	   at	   distinct	   spatial	   locations	   50.	   For	  nonlinear	   excitation	   in	   the	   vacuum	   ultraviolet,	   reaching	   sufficient	   power	   with	  high-­‐harmonic	  comb	  generators	  of	  large	  line	  spacing	  is	  a	  major	  challenge	  46.	  	  	  3.2	  Ramsey-­‐comb	  spectroscopy	  Ramsey-­‐comb	  spectroscopy	   51	   is	   a	   related	   time-­‐domain	   technique	   (Fig.3b)	   that	  measures	   the	   interference	   between	   the	   excitations	   of	   an	   atomic	   or	   molecular	  sample	  by	  two	  time-­‐delayed	  intense	  pulses	  derived	  from	  a	  frequency	  comb.	  The	  fringes,	   which	   are	   sensitive	   to	   the	   phase	   of	   the	   second	   pulse	   relative	   to	   the	  atomic	  coherence,	  are	  sampled	  at	  a	  set	  of	  different	  delay	  times,	  which	  are	  integer	  multiples	  of	  the	  pulse	  spacing	  of	  the	  laser	  oscillator	  plus	  some	  chosen	  fractional	  increments.	  The	  frequency	  of	  the	  excited	  transitions	  is	  deduced	  from	  fits	  of	  the	  portions	  of	   the	  phase	  signals.	   Similarly	   to	  direct	   frequency	  comb	  spectroscopy,	  the	   free	   spectral	   is	   limited	   to	   the	   comb	   repetition	   frequency	   frep,	   so	   that	   the	  technique	  is	  mostly	  suitable	  for	  metrology	  of	  simple	  spectra	  with	  few	  transitions.	  As	  already	  demonstrated	  in	  the	  deep	  ultraviolet	  with	  two-­‐photon	  transitions	  of	  H2	   (Fig.5b)	   around	   202	   nm	   (1,485	   THz)	   52,	   Ramsey-­‐comb	   spectroscopy	   holds	  particular	   promise,	   because	   the	   pairs	   of	   phase-­‐coherent	   infrared	   pulses	  amplified	  to	  the	  millijoule	  level	  allow	  efficient	  frequency	  conversion.	  	  	  3.3	  Spectroscopy	  using	  a	  dispersive	  spectrometer	  Dispersive	   spectrographs	   (Fig.3c)	   provide	   simple	   and	   robust	   tools	   for	  multichannel	   approaches	   to	   broadband	   spectroscopy	   with	   frequency	   combs.	  Gratings	   15	   and	   crossed	   dispersers,	   utilizing	   e.g.	   virtual	   imaging	   phase	   array	  (VIPA)	  étalons	  16,	  have	  been	  successfully	  implemented	  with	  scanning	  single	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Figure	  4.	  Physical	  principle	  of	  
some	  of	  the	  described	  
spectrometric	  techniques	  
	  
a.	  In	  direct	  frequency	  comb	  spectroscopy	  with	  two-­‐photon	  excitation,	  many	  pairs	  of	  comb	  lines	  may	  contribute	  to	  the	  excitation	  of	  the	  transition.	  However	  the	  spectrum	  is	  only	  measured	  modulo	  the	  comb	  repetition	  frequency.	  Fluorescence	  during	  decays	  towards	  lower	  energy	  levels	  may	  be	  detected.	  	  
b.	  In	  the	  moving	  arm	  of	  a	  scanning	  Michelson	  interferometer,	  the	  frequency	  of	  all	  the	  comb	  lines	  is	  Doppler-­‐shifted.	  The	  beat	  notes	  between	  pairs	  of	  shifted	  and	  unshifted	  comb	  lines	  at	  the	  detector	  produce	  an	  acoustic	  comb.	  
c.	  Interferometric	  sampling	  in	  the	  time-­‐domain	  stretches	  free-­‐induction	  decay.	  With	  a	  dual-­‐comb	  system,	  the	  interferogram	  recurs	  automatically	  at	  a	  period	  
1/δfrep which	  is	  the	  inverse	  of	  the	  difference	  in	  repetititon	  frequencies	  of	  the	  two	  combs.	  
d.	  Frequency-­‐domain	  picture	  of	  c	  for	  dual-­‐comb	  interferometry.	  The	  beat	  notes	  between	  pairs	  of	  comb	  lines,	  one	  from	  each	  comb,	  generates	  a	  radio-­‐frequency	  comb.	  The	  physical	  principle	  is	  the	  same	  as	  that	  of	  b.,	  except	  that	  the	  down-­‐conversion	  factor	  no	  longer	  depends	  on	  the	  speed	  of	  a	  moving	  part.	  Furthermore,	  dual-­‐comb	  systems	  render	  the	  implementation	  of	  a	  dispersive	  interferometer	  easier.	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detectors	  and	  with	  cameras.	  With	  a	  crossed	  disperser,	  resolutions	  as	  high	  as	  600	  MHz	   have	   been	   reported	   53.	   Most	   of	   the	   time,	   this	   is	   insufficient	   to	   resolve	  individual	   comb	   lines	   and	  many	   reports	   do	   not	   rely	   on	   the	   calibration	   by	   the	  frequency	  comb.	  Low-­‐resolution	  spectrographs	  are	  however	  sufficient	  to	  resolve	  the	   individual	   lines	   of	   chip-­‐based	   frequency	   comb	   generators	   such	   as	  microresonators.	  As	  advanced	  control	  and	  tuning	  of	  the	  line	  positions	  per	  steps	  across	  one	  free	  spectral	  range	   is	   feasible	  54,	  rapid	  and	  compact	   instruments	   for	  gas-­‐phase	  spectroscopy	  can	  even	  be	  envisioned.	  Alternatively,	  Fabry-­‐Pérot	  filter	  cavities	   can	   increase	   the	   comb	   line	   spacing	   to	   exceed	   the	   spectrograph	  resolution.	  Vernier	   techniques	   17,	  where	   the	  engineered	  mismatch	  between	   the	  free	  spectral	  range	  of	  a	  scanning	  Fabry-­‐Pérot	  cavity	  and	  the	  frequency-­‐comb	  line	  spacing	   is	   chosen	   as	   a	   ratio	   m/(m-­‐1)	   with	   m	   integer,	   considerably	   relax	   the	  constraints	   on	   the	   spectrograph	   resolution.	   The	   Fabry-­‐Pérot	   resonators	   may	  present	  a	  high	  finesse	  of	  several	  thousands:	  therefore	  they	  may	  simultaneously	  serve	   as	   enhancement	   cavities	   for	   weakly	   absorbing	   samples.	   	   Thanks	   to	   the	  availability	   of	   mid-­‐infrared	   cameras	   with	   a	   short	   integration	   time,	   cavity-­‐enhanced	   frequency-­‐comb	   spectroscopy	  with	   a	   VIPA	   has	   proven	   55	   a	   powerful	  tool	  for	  monitoring,	  with	  a	  time	  resolution	  of	  10	  µs,	  the	  kinetics	  of	  the	  gas-­‐phase	  reaction	  between	  carbon	  monoxide	  and	   the	  hydroxyl	   radical	  and	   for	  observing	  the	  intermediate	  hydrocarboxyl	  radical.	  	  	  3.4	  Michelson-­‐based	  Fourier	  transform	  spectroscopy	  Fourier	   transform	   spectroscopy	  with	   a	   scanning	  Michelson	   interferometer	   has	  been	   one	   of	   the	   most	   successful	   spectrometric	   techniques	   over	   the	   past	   fifty	  years.	   Usually	   associated	   with	   an	   incoherent	   broadband	   light	   source,	   the	  spectrometer	   56	  measures	  on	   a	   single	  photo-­‐detector	   the	   interference	  between	  the	   two	  optically	  delayed	  signal	   from	  the	   two	  arms	  as	  a	   function	  of	   the	  optical	  path	   difference.	   The	   spectrum	   is	   the	   Fourier	   transform	   of	   the	   time-­‐domain	  interference	  waveform,	  the	  interferogram.	  	  Fourier	   transform	   spectrometry	  makes	   the	   best	   use	   of	   the	   available	   time	   and	  photons.	  It	  records	  spectra	  over	  extended	  spectral	  spans	  in	  any	  spectral	  regions	  and	   the	   spectral	   data,	   all	   simultaneously	   recorded,	   exhibit	   quality	   and	  consistency.	   Its	   instrumental	   line-­‐shape	   is	   well	   understood	   and	   modelled.	   Its	  limitations	   are	   related	   to	   the	   presence	   of	   moving	   parts:	   the	   resolution	   is	  inversely	  proportional	   to	   the	  excursion	  of	   the	  moving	  arm	  and	  high-­‐resolution	  instruments,	   commercially	   available	   with	   resolutions	   as	   high	   as	   30	   MHz,	   are	  slow	  and	  bulky.	  	  In	  a	  Michelson	  interferometer,	  the	  frequency	  f	  of	  the	  light	  traveling	  in	  the	  moving	  arm	  acquires	  a	  small	  Doppler-­‐shift,	  equal	  to	  -­‐2	  f	  v/c,	  where	  v	  is	  the	  velocity	  of	  the	  mirror,	  c	  is	  the	  speed	  of	  light.	  At	  the	  output	  of	  the	  interferometer,	  the	  two	  electric	  fields	   coming	   from	   the	   fixed	   and	   moving	   arms	   beat	   on	   a	   photo-­‐detector.	   The	  detector	   signal	   comprises	   this	   interference	   pattern,	   resulting	   from	   the	   down-­‐conversion	   of	   the	   optical	   frequencies	   mostly	   to	   the	   audio-­‐range.	   When	   a	  frequency	  comb	  is	  used	  as	  a	  light	  source	  in	  front	  of	  the	  interferometer	  (Fig.3d),	  the	   frequency	   of	   each	   comb	   line,	   reflected	   in	   the	   moving	   arm	   of	   the	  interferometer,	   is	  shifted	  (Fig.4b)	  by	  a	   factor	   -­‐2(n	   frep	  +	   f0)	  v/c,	  which	  gives	  the	  frequencies	   of	   the	   acoustic	   comb	   generated	   at	   the	   detector.	   The	   use	   of	   the	  frequency-­‐comb	   synthesizer	   19	   has	   shown	   to	   add	   significant	   improvements	   to	  Fourier	   transform	   spectroscopy.	   A	   coherent	   light	   source	   such	   as	   a	   laser	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frequency	  comb	  has	  significantly	  higher	  brightness,	   leading	  to	  increased	  signal-­‐to-­‐noise	  ratio	  or	  decreased	  measurement	  times.	  Resolving	  the	  comb	  lines	  brings	  instrumental	   line-­‐shapes	  of	  negligible	  contribution	  and	  direct	  calibration	  of	   the	  frequency	   scale	   (assuming	   that	   the	   comb	   is	   self-­‐referenced),	  whereas	   accurate	  line	  position	  measurements	  previously	  relied	  on	  the	  presence	  of	  reference	  lines	  and	   careful	   assessment	   of	   the	   systematic	   effects.	   The	   frequency	   comb	   enables	  the	   implementation	  of	  detection	   techniques	   that	   straightforwardly	   retrieve	   the	  dispersion	  spectrum,	   leading	  to	  the	  measurement	  of	  real	  and	  imaginary	  part	  of	  the	   refractive	   index.	  The	  development	  of	   the	   technique	  has	  been	   fast,	   as	   it	   has	  profited	   from	   existing	   advanced	   techniques	   of	   control	   of	   scanning	  interferometers.	   Its	  use	  has	  been	  so	   far	  restricted	  to	  gas-­‐phase	  spectroscopy	   in	  the	  infrared	  region.	  The	  sensitivity	  has	  been	  enhanced	  by	  synchronous	  detection	  19,	  multi-­‐pass	  cells	  19	  or	  high	  finesse	  cavities	  57.	  Cavity-­‐enhanced	  frequency-­‐comb	  Fourier	  transform	  spectroscopy	  has	  shown	  remarkable	  results	  for	  disentangling	  complex	  spectra	  (Fig.5c)	  of	  heavy	  molecules	  58,	  59.	  	  3.5	  Dual-­‐comb	  spectroscopy	  Dual-­‐comb	   spectroscopy	   (Fig.3e)	   is	   a	   comb-­‐enabled	   approach	   to	   Fourier	  transform	  interferometry	  without	  moving	  parts	  60.	  This	  instrumental	  scheme	  of	  frequency	   comb	   spectroscopy	   is	   currently	   that	   which	   attracts	   the	   highest	  interest.	   In	   most	   of	   the	   implementations,	   a	   frequency	   comb,	   of	   repetition	  frequency	   frep,	   interrogates	   the	   sample	   and	   beats	   on	   a	   fast	   photodiode	   with	   a	  second	  comb,	  of	  slightly	  different	  repetition	  frequency	   frep+δfrep,	  which	  acts	  as	  a	  local	  oscillator.	  The	  interference	  signal	  is	  recorded	  as	  a	  function	  of	  time	  and	  it	  is	  Fourier	   transformed	   to	   reveal	   the	   spectrum.	   In	   the	   time	   domain	   (Fig.4c),	   the	  pulses	  from	  one	  comb	  walk	  through	  the	  pulses	  of	  the	  second	  comb	  with	  a	  time	  delay	   that	   automatically	   increases	   of	   an	   amount	   δfrep/frep2	   from	   pulse	   pair	   to	  pulse	   pair.	   After	   interacting	   with	   the	   sample,	   the	   repeating	   waveforms	   of	   the	  electric	  field	  of	  the	  first	  comb	  are	  optically	  sampled	  by	  the	  local-­‐oscillator	  comb	  and	  provide	  an	  interferogram	  stretched	  in	  time	  by	  a	  factor	  frep/δfrep.	  In	  this	  way,	  optical	   delays	   between	   0	   and	   1/frep	   are	   periodically	   scanned.	   In	   the	   frequency	  domain	  (Fig.4d),	  the	  beating	  signal	  of	  the	  two	  optical	  frequency	  combs	  of	  slightly	  different	   line	  spacing	  produces	  a	  comb	   in	   the	  radio-­‐frequency	  domain	   that	   can	  directly	   be	   measured	   by	   digital	   electronics.	   The	   physical	   principle	   of	   the	  measurement	   is	   the	   same	   as	   that	   of	   the	   scanning	   Michelson-­‐based	   Fourier	  transform	  spectrometer,	  with	  the	  practical	  difference	  that	  the	  down-­‐conversion	  factor	   is	  not	   set	  by	   the	   speed	  of	   a	  moving	  part.	   It	   is	   therefore	   freely	   selectable	  within	  the	  Nyquist	  limit.	  The	  dual-­‐comb	  spectrum	  may	  thus	  be	  mapped	  into	  the	  radio-­‐frequency	   region,	   where	   the	   1/f	   noise	   is	   reduced.	   A	   Michelson	  interferometer	   leaves	   to	   the	   user	   the	   choice	   of	   the	   resolution	   lower	   than	   the	  instrument	  capabilities:	  it	  allows	  any	  path	  difference	  excursions	  shorter	  than	  its	  maximum	   path	   difference,	   whereas	   the	   dual-­‐comb	   spectrometer,	   by	  construction,	   automatically	   scans	   the	   optical	   delays	   up	   to	   1/frep.	   Even	   if	  numerical	   treatments,	   called	   apodization,	   make	   it	   possible	   to	   reduce	   the	  resolution,	   the	   time-­‐domain	   scan	  always	   reaches	  a	   spectral	   resolution	  equal	   to	  the	  comb	  line	  spacing	  frep.	  If	  the	  desired	  resolution	  is	  significantly	  lower	  than	  frep,	  this	  results	  in	  wasted	  experimental	  time.	  Therefore,	  for	  optimized	  measurement	  times,	   dual-­‐comb	   systems	   with	   a	   comb	   line	   spacing	   of	   the	   same	   order	   of	  magnitude	  as	  the	  desired	  resolution	  are	  advantageous	  in	  most	  cases.	  Conversely,	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Figure	  5.	   Illustration	  of	  experimental	  results	   from	  the	  different	  approaches	  to	   frequency	  
comb	  spectroscopy	  
	   a. Direct	   frequency-­‐comb	   one-­‐photon	   spectrum	   61	   of	   the	   D2	   line	   of	   a	   single	   25Mg+	   ion	  around	  280	  nm	  (1,070	  THz)	  observed	  through	  fluorescence.	  The	  spectral	  line	  recurs,	  as	  the	  free-­‐spectral	  range	  is	  about	  373	  MHz.	  b. Ramsey-­‐comb	   interference	   fringes	   52	   of	   the	  EF1Σ	  +g-­‐X1Σ+g	   (0,0)	  Q1	   rovibronic	   Doppler-­‐free	  transition	  of	  H2	  excited	  by	  two	  photons	  at	  202	  nm	  (1,485	  THz).	  c. Cavity-­‐enhanced	   frequency-­‐comb	   Fourier	   transform	   spectrum	   58	   of	   buffer-­‐gas	   cooled	  adamantine	   (C10H16)	   in	   the	   3-­‐µm	   region,	   at	   a	   translational	   temperature	   of	   17	   K	   and	   a	  spectral	  resolution	  of	  10	  MHz.	  d. Near-­‐infrared	   experimental	   dual-­‐comb	   spectrum	   62	   showing	   200,000	   resolved	   comb	  lines	   with	   the	   expected	   cardinal-­‐sine	   instrumental	   line-­‐shape.	   The	   mutual	   coherence	  time	  of	  the	  interferometer	  is	  close	  to	  2,000	  seconds.	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the	   resolution	  of	   spectra	  with	   resolved	   comb	   lines	   can	  always	  be	   improved	  by	  interleaving	  spectra	  63.	  A	   fundamental	   difference	   between	   dual-­‐comb	   spectrometers	   and	   traditional	  ones	  is	  that	  the	  dual-­‐comb	  approach	  is	  freed	  from	  geometry.	  With	  a	  dispersive	  or	  interferential	  instrument,	  the	  theoretical	  resolving	  power	  R	  may	  be	  expressed	  as	  
R= Δ/λ,	  the	  ratio	  of	  the	  maximum	  path	  difference	  Δ	  to	  the	  wavelength	  λ.	  With	  a	  dual-­‐comb	  interferometer,	   it	  becomes	  R=T/τ	  where	  T	   is	   the	  measurement	   time	  and	  τ	  the	  period	  of	  the	  light	  vibration.	  Dual-­‐comb	  spectroscopy	  is	  therefore	  the	  only	   technique	   that	   can,	   for	   any	   spans	   and	   any	   spacing,	   potentially	   reach	   a	  resolution	  equal	   to	   the	  comb	   line	  spacing.	  Such	  a	  specific	   feature	  may	  open	  up	  novel	  opportunities	  in	  precision	  spectroscopy	  and	  metrology,	  although	  it	  has	  not	  been	  exploited	  yet	  because	  of	  the	  technical	  challenges	  summarized	  below.	  In	  addition	  to	  the	  challenges	  associated	  with	  the	  availability	  of	  the	  laser	  sources	  in	  the	  spectral	  regions	  of	  interest,	  a	  specific	  difficulty	  has	  slowed	  the	  applications	  of	   dual-­‐comb	   spectroscopy	   to	   spectroscopic	   studies.	   The	   field	   has	   long	   been	  dominated	   by	   preliminary	   proofs-­‐of-­‐principle	   with	   a	   variety	   of	   original	   laser	  systems.	   The	   efficient	   measurement	   of	   interference	   requires	   time-­‐domain	  coherence	  between	  the	  two	  interfering	  electric	  fields.	  Small	  relative	  timing-­‐	  and	  phase-­‐fluctuations	  between	  the	  two	  combs	  appear	  stretched	  by	  the	  same	  factor	  as	   the	   optically	   sampled	  waveform.	   In	   the	   frequency	   domain,	   the	  width	   of	   the	  beat	   notes	   between	   pairs	   of	   comb	   lines,	   one	   from	   each	   comb,	   needs	   to	   be	  narrower	   than	   the	   spacing	   of	   the	   radio-­‐frequency	   comb	   lines,	  δfrep,	  to	   preserve	  resolution.	   Furthermore,	   their	   intrinsic	   width	   should	   be	   narrower	   than	   the	  inverse	  of	  the	  measurement	  time,	  for	  best	  signal-­‐to-­‐noise	  ratio.	  The	  constraint	  is	  the	  same	  as	  that	  which	  require	  the	  interferometric	  control	  of	  the	  path	  difference	  in	  a	  Michelson-­‐based	  Fourier	   transform	  spectrometer,	   technically	  mastered	   for	  decades.	   In	   dual-­‐comb	   interferometry,	   the	   powerful	   yet	   simple	   techniques	   for	  referencing	   the	   comb	   to	   a	   radio-­‐frequency	   clock,	  which	   are	  widely	   adopted	   in	  frequency	  metrology,	   do	  not	  provide	   the	   required	   short-­‐term	   relative	   stability.	  Significant	   instrumental	   research	   has	   been	   undertaken	   to	   maintain,	   or	  reconstruct,	  the	  coherence	  in	  a	  dual-­‐comb	  interferometer.	  	  One	  approach	  has	  been	   to	   experimentally	   achieve	   such	  a	  mutual	   coherence	  by	  sophisticated	  servo	  controls.	  Locking	  two	  lines	  of	  each	  comb	  to	  a	  pair	  of	  narrow	  line-­‐width	   continuous-­‐wave	   lasers	   has	   yielded	   a	   coherence	   time	   inversely	  proportional	   to	   the	   line-­‐width	   of	   the	   continuous-­‐wave	   lasers.	   Using	   this	  principle,	  continuous	  time-­‐domain	  measurements	  on	  the	  order	  of	  1	  second	  can	  be	   performed	   64,	  65.	   Numerical	   techniques	   known	   as	   phase	   correction,	   derived	  from	  Michelson-­‐based	   Fourier	   transform	   spectroscopy,	   can	   then	   be	   applied	   to	  efficiently	  average	  many	  recordings	  of	  1	  second	  and	  improve	  the	  signal-­‐to-­‐noise	  ratio.	   More	   recently,	   by	   feed-­‐forward	   relative	   stabilization	   of	   the	   carrier-­‐envelope	   offset	   frequency,	   the	   experimental	   coherence	   time	   reaches	   2,000	   s,	  without	   any	   indications	   that	   a	   limit	   is	   reached,	   in	   the	   near-­‐infrared	   62	   (Fig.5d)	  and	   in	   the	   mid-­‐infrared	   66	   regions.	   This	   suggests	   that,	   as	   with	   a	   Michelson	  interferometer,	  the	  experimental	  phase	  control	  of	  the	  dual-­‐comb	  interferometer	  can	  be	  arbitrarily	  long,	  opening	  up	  novel	  opportunities	  for	  broadband	  frequency	  metrology.	  	  Another	   approach	   has	   been	   to	   track	   the	   relative	   fluctuations	   between	   the	   two	  combs	   and	   to	   correct	   for	   these,	   either	   in	   real-­‐time,	   by	   analog	   67	   or	   digital	   68	  processing,	   or	  a	  posteriori	   69.	   Such	   schemes	  have	  been	   implemented	  even	  with	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free-­‐running	  or	  loosely	  locked	  lasers	  67,	  68.	  They	  also	  compensate	  for	  the	  residual	  fluctuations	  of	  stabilized	  systems	  70.	  	  A	   third	   trend,	  which	   is	   currently	   stimulating	  many	   creative	   experiments,	   is	   to	  design	  dual-­‐comb	  systems	  with	  built-­‐in	  passive	  mutual	  coherence.	  Two	  trains	  of	  asynchronous	  pulses	  may	  be	  generated	  in	  dual-­‐wavelength	  unidirectional	  mode-­‐locked	   lasers	   71,	   in	  bidirectional	  mode-­‐locked	   lasers	   72	   and	  micro-­‐resonators	   73	  e.g.	  by	  taking	  advantage	  of	  an	  asymmetry	  to	  nonlinear	  processes.	  A	  birefringent	  plate	   in	   a	   laser	   cavity	   has	   been	   harnessed	   74	   to	   produce	   overlapping	   crossed-­‐polarized	  pulse	   trains	  of	  a	  difference	   in	  repetition	   frequencies	   that	  depends	  on	  the	   optical	   thickness	   of	   the	   plate.	   The	   two	   combs	   of	   electro-­‐optic-­‐modulator	  based	   systems	   24,	  25,	  75	   can	   share	   a	   number	  of	   components.	  With	   some	  of	   these	  set-­‐ups	   75,	   the	  mutual-­‐coherence	   time	   exceeds	   1	   second.	   Such	   designs	  without	  any	  stabilization	  electronics	  greatly	   facilitate	  dual-­‐comb	  spectroscopy	  and	  hold	  promise	   for	   transportable	   or	   even	   portable	   compact	   and	   easy-­‐to-­‐use	  interferometers.	  Most	  of	  the	  time,	  dual-­‐comb	  interferometers	  are	  designed	  for	   linear	  absorption	  spectroscopy.	   When	   the	   sample	   only	   interacts	   with	   one	   comb,	   the	   phase	  spectrum	   is	   simultaneously	  obtained,	  whereas	   it	  was	   technically	  challenging	   to	  investigate	  with	  dispersive	  Michelson	  interferometers.	  Direct	  access	  to	  both	  the	  real	  and	  imaginary	  parts	  of	  the	  refractive	  indices	  is	  given.	  With	  the	  objective	  of	  linear	   absorption	   measurements,	   numerous	   demonstrations	   have	   been	  accomplished	  with	  a	  variety	  of	   laser	  sources,	  mostly	  across	   the	   infrared	  region	  (Fig.6);	   to	   cite	   just	   a	   few:	   near-­‐infrared	   erbium-­‐doped	   18,	  62,	  64,	  65,	  67,	  68,	  71,	  72	   and	  ytterbium-­‐doped	  76	  fibre	  combs,	  electro-­‐optic	  modulators	  24,	  25,	  near-infrared 77, 78 
and mid-infrared	   79	   microresonators,	   frequency-­‐doubled	   fibre	   lasers80,	   81,	   mid-­‐infrared	   82	   and	  THz	   28,	  83	  quantum	  cascade	  or	   interband	   42	   cascade	   lasers,	  mid-­‐infrared	   Cr2+:ZnSe	   lasers	   84	   ,	   mid-­‐infrared	   optical	   parametric	   oscillators	   85-­‐87,	  mid-­‐infrared	   difference-­‐frequency	   systems	   12,	   70,	   75,	   88,	   THz	   photoconductive	  antennas	  14,	  89,	  90.	   As	  dual-­‐comb	  interferometers	  often	  harness	  ultra-­‐short-­‐pulse	  lasers,	  they	  enable	  novel	   nonlinear	   broadband	   spectroscopy.	   New	   schemes	   of	   coherent	   Raman	  spectroscopy	   (CARS)	   91,	   stimulated	   Raman	   spectroscopy	   92	   and	   two-­‐photon	  excitation	   81	   have	   been	   first	   demonstrated,	   followed	   by	   others	   such	   as	   pump-­‐probe	   spectroscopy	   93.	   Sometimes,	   e.g.	   in	   dual-­‐comb	   two-­‐photon	   excitation81	  with	  background-­‐free	   fluorescence	  detection,	   the	   interferometric	  modulation	   is	  measured	  indirectly,	  through	  its	  transfer	  to	  e.g.	  the	  modulation	  of	  the	  intensity	  of	  the	   fluorescence	   of	   the	   sample,	   providing	   an	   insightful	   illustration	   of	   Fourier	  encoding.	   The	   first	   proof-­‐of-­‐concept	   94	   of	   broadband	   Doppler-­‐free	   two-­‐photon	  spectroscopy	   showcases	   experimental	   spectra	   spanning	   10	   THz,	  which	   exhibit	  atomic	  line	  profiles	  of	  a	  width	  of	  6	  MHz.	  A	   strength	   of	   dual-­‐comb	   spectroscopy	   (and	   other	   techniques	   of	   Fourier	  transform	   spectroscopy),	   that	   has	   been	   recently	   explored,	   is	   its	   ability	   to	  efficiently	   combine	   with	   other	   sampling	   techniques	   or	   instrumentations.	   The	  sensitivity	   to	   weak	   absorption	   is	   enhanced	   with	   multipass	   cells	   and	  enhancement	  cavities	  76,	  95;	  the	  signal-­‐to-­‐noise	  ratio	  is	  increased	  by	  electro-­‐optic	  sampling	   89;	   spectro-­‐imaging	   91	   and	   microscopy	   96	   provide	   spectral	   maps	   of	  spatially	   inhomogeneous	   samples.	   Some	   selected	   examples	   are	   highlighted	   in	  section	   4.	   The	   attractive	   advantage	   of	  multiplex	  measurements	   over	   extended	  spectral	   spans,	   which	   provides	   overall	   consistency	   and	   short	   measurement	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times,	   is	   added	   to	   those	   of	   the	   sampling	   techniques.	   Specific	   features	   of	   dual-­‐comb	  systems	  include	  the	  absence	  of	  moving	  parts,	  the	  use	  of	  laser	  beams	  rather	  than	   incoherent	   light,	   the	   feasibility	   of	   short	  measurement	   times,	   the	   absolute	  frequency	   calibration	   and	   the	   achievable	   negligible	   contribution	   of	   the	  instrumental	  line-­‐shape.	  	  3.6	  Other	  approaches	  Alternate	  methods,	   involving	  e.g.	   speckles	   in	  multimode	   fibres	   97,	   sweeping	   the	  comb	  repetition	  frequency	  to	  generate	  a	  time	  delay	  between	  the	  two	  arms	  of	  a	  static	  interferometer	  98,	  	  cavity	  filtering	  and	  scanning	  99	  or	  heterodyning	  a	  comb	  with	  a	  continuous-­‐wave	  laser	  100	  have	  been	  explored.	  Though	  they	  have	  not	  been	  widely	  adopted	  yet,	  they	  may	  be	  particularly	  useful	  in	  some	  circumstances.	  	  	  	  	  
4.	  Selected	  applications	  and	  prospects.	  	  Most	   techniques	   of	   frequency	   comb	   spectroscopy	   are	   recent,	   thus	   their	  applications	  are	  only	  in	  their	  infancy.	  We	  briefly	  review	  here	  a	  selection	  of	  those	  and	  discuss	  the	  envisioned	  trends	  and	  prospects.	  	  	  4.1	  Precision	  spectroscopy:	  towards	  the	  extreme	  ultraviolet	  and	  broadband	  detection?	  Precision	   spectroscopy	   of	   atomic	   transitions	   has	   been	   the	   most	   investigated	  application	   of	   frequency	   comb	   spectroscopy.	   Such	   measurements	   enable	  stringent	   tests	   of	   fundamental	   theories,	   accurate	   determinations	   of	   physical	  constants,	   and	   searches	   for	   new	   physics.	   With	   direct	   frequency	   comb	  spectroscopy	  or	  Ramsey-­‐comb	  spectroscopy,	   the	  absolute	   frequency	  of	  narrow	  transitions	   in	   atomic	   systems	   is	   determined,	   such	   as	   in	   argon	   47,	   cesium	   51,	  krypton,	   hydrogen	   48,	   magnesium,	   single	   magnesium	   ion61,	   neon	   47,	   single	  calcium	  ion	  49,	  rubidium	  51	  in	  gas	  cells,	  ion	  traps,	  laser-­‐cooled	  systems	  or	  atomic	  beams.	   Only	   one	   molecule,	   H2,	   has	   been	   considered	   so	   far	   52.	   The	   fractional	  uncertainty	  of	  the	  frequency	  measurements	  is	  typically	  on	  the	  order	  of	  10-­‐10,	  but	  it	   can	   reach	   48,	   51	   parts	   in	   1012.	   The	   extension	   of	   the	   techniques	   of	   precision	  spectroscopy	  with	   frequency-­‐comb	  excitation	   to	   the	  extreme	  ultraviolet,	  where	  continuous-­‐wave	  lasers	  are	  not	  available,	  portends	  fascinating	  opportunities	  for	  fundamental	   physics,	   including	   better	   tests	   of	   quantum	   electrodynamics,	   of	  molecular	  quantum	  theory,	  or	  future	  nuclear	  clocks.	  	  Moreover,	   the	   prospect	   of	   Doppler-­‐free	   spectroscopy	   94	   or	   of	   cold-­‐molecule	  spectroscopy	  58	  over	  broad	  spectral	  bandwidths	  is	  opening	  new	  perspectives	  to	  precision	   spectroscopy:	   	   detailed	   analysis	   e.g.	   of	   simple	   molecules	   with	   few	  electrons	   over	   an	   extended	   range	   may	   deliver	   new	   information	   on	   molecular	  structure	  and	  potential-­‐energy	  surface	  and	  may	  help	   to	  validate	  or	   improve	  ab	  
initio	  quantum-­‐chemical	  computations.	  	  4.2	  Laboratory	  molecular	  spectroscopy	  over	  broad	  spectral	  bandwidths	  Because	   of	   the	   instrumental	   challenges	   of	   frequency	   comb	   spectrometry,	  spectroscopic	  studies	  have	  remained	  rather	  scarce,	  but	   the	   few	  published	  ones	  are	  likely	  to	  stimulate	  further	  contributions	  from	  the	  growing	  community.	  Most	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of	  the	  spectroscopy	  work	  has	  been	  performed	  in	  the	  near-­‐infrared	  region,	  where	  the	   technology	   is	  more	  mature.	  Mainly	   line	   positions	   and	   shifts	   101 have	   been	  determined.	  The	  unique	  feature	  of	  frequency-­‐comb	  spectrometers	  with	  resolved	  narrow	   comb	   lines,	   the	   negligible	   contribution	   of	   the	   instrumental	   line-­‐shape,	  will	  permit	  the	  metrology	  of	  line	  parameters	  other	  than	  line	  positions:	  frequency	  comb	  spectroscopy	  combines	  for	  the	  first	  time	  a	  broad	  spectral	  span,	  which	  was	  the	   distinctive	   feature	   of	   spectrometers	   with	   incoherent	   light	   sources,	   and	   an	  narrow	  instrumental	  line-­‐width,	  which	  used	  to	  be	  the	  specific	  character	  of	  some	  tunable	  lasers.	   	  New	  investigations	  for	  a	  better	  understanding	  and	  modelling	  of	  spectral	   line-­‐shapes	   may	   be	   triggered.	   One	   of	   the	   first	   published	   studies	   102	  illustrates	   such	   benefits	   for	   the	   modelling	   of	   near-­‐infrared	   spectra	   of	   water	  vapour	  at	  high	  temperature.	  The	  combination	  of	  fast	  measurement	  times	  and	  (sometimes	  moderately)	  broad	  spectral	  bandwidth	  advances	  time-­‐resolved	  spectroscopy,	  with	  time	  resolutions	  on	   the	   scale	   of	   several	   microseconds,	   in	   a	   variety	   of	   situations,	   from	   the	  investigation	  of	  chemical	  gas-­‐phase	  reactions	  through	  mid-­‐infrared	  spectroscopy	  55	   to	   the	  kinetics	  of	   spectral	  hole	  burning	   in	  a	   transition	  of	  atomic	  caesium	  103.	  Gas-­‐phase	  transient	  absorption	  of	  electronic	  transitions	  of	  diatomic	  molecules	  in	  the	  visible	  range	  104	  and	  vibrational	  and	  electronic	  population	  relaxation	  of	  dye	  molecules	  in	  solution	  105	  associate	  frequency	  comb	  spectroscopy	  to	  the	  study	  of	  ultrafast	  phenomena.	  The	  past	  few	  years	  have	  witnessed	  a	  diversification	  of	  the	  samples,	  which	  are	  no	  longer	  restricted	  to	  the	  gas	  phase.	  Samples	  in	  the	  liquid	  91,	  92,	  96,	  105-­‐107	  or	  solid	  108	  phases	   have	   been	   studied.	   With	   them	   comes	   the	   requirement	   of	   sources	   and	  spectrometric	   techniques	   suited	   to	   their	   broad	   spectral	   transitions	   and	   their	  extended	   spectra.	   The	   development	   of	   spectrometric	   techniques	   involving	  microresonator-­‐based	   frequency	   combs	   of	   large	   line	   spacing,	   especially	   in	   the	  mid-­‐infrared	  79,	   is	  therefore	  very	  timely.	  Nonlinear	  spectroscopy	  with	  combs	  of	  high	   repetition	   frequency	   faces	   the	   specific	   difficulty	   91	   of	   a	   lower	   energy	   per	  pulse	  and	  requires	  novel	  strategies	  to	  be	  devised.	  	  4.3	  Coherent	  control	  and	  multi-­‐dimensional	  spectroscopy	  Laser	   frequency	   comb	   techniques	   can	   measure	   and	   control	   the	   phase	   of	   an	  optical	   electric	   field	  with	   respect	   to	   the	   corresponding	   intensity	  waveform	   109.	  This	   is	   opening	   up	   new	  horizons	   for	   the	   generation	   of	   arbitrary	  waveforms	   at	  optical	   frequencies	   and	   “line-­‐by-­‐line”	   pulse	   shaping.	   It	   might	   create	   novel	  opportunities	  for	  coherent	  control	  in	  chemical	  reactions.	  The	  intense	  ultra-­‐short	  laser	  pulses	  of	  the	  frequency	  combs	  can	  be	  further	  harnessed	  to	  exploit	  complex	  pulse	  sequences	  and	  coherent	  transient	  phenomena	  including	  photon	  echoes,	  in	  analogy	   to	   multidimensional	   nuclear	   magnetic	   resonance	   spectroscopy.	   On	   a	  longer	   term,	   by	   rapidly	   exploring	   a	   multi-­‐dimensional	   parameter	   space,	  nonlinear	  multi-­‐dimensional	  multi-­‐comb	  spectroscopy	  and	  imaging	  might	  reveal	  much	  additional	   information	   inaccessible	  by	   conventional	   linear	   and	  nonlinear	  spectroscopy.	  Two-­‐dimensional	  spectroscopy	  of	  gas-­‐phase	  alkali	  atoms	  has	  been	  explored	   with	   a	   dual-­‐comb	   110	   system	   generating	   photon	   echoes,	   at	   spectral	  resolutions	   that	   would	   be	   difficult	   to	   reach	   with	   the	   mechanical	   delay	   lines	  commonly	   used	   in	   multidimensional	   spectroscopy.	   Theoretical	   proposals	   and	  insights	  may	  help	  guiding	  the	  vision	  111.	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4.4	  Environmental	  sensing	  Frequency	   comb	   spectroscopy	   presents	   some	   interesting	   characteristics	   for	  fieldable	   and	   even	   portable	   gas	   sensors.	   For	   instance,	   the	   laser	   beams	   enable	  long	  open-­‐path	  propagation,	   filling	   the	  gap	  between	  point	  sensors	  and	  remote-­‐sensing	   instruments,	   e.g.	   on	   board	   satellites,	   aircrafts	   or	   balloons.	   The	   spectra	  show	   high	   consistency,	   stability	   and	   repeatability	   for	   concentration	  measurements.	   The	   broad	   spectral	   bandwidth	   enables	   detection	   of	   multiple	  species,	   as	   well	   as	   more	   reliable	   inversion.	   	   The	   applications	   range	   from	   the	  monitoring	  of	  greenhouse	  gases	  to	  industrial	  process	  control	  or	  leak	  detections.	  Significant	  progress	  has	  already	  been	  achieved	  toward	  the	  objective	  of	  compact	  portable	   in	   situ	   frequency-­‐comb	   spectrometers.	   A	   transportable	   dual-­‐comb	  sensor,	  deployed	  in	  the	  field,	  shows	  112	  continuous	  monitoring	  and	  quantification	  of	  methane	   emission	   sources	   at	   a	   regional	   scale,	  with	   the	   prospect	   of	   efficient	  leak	   detection	   at	   oil	   and	   gas	   operation	   facilities.	   In	   a	   laboratory	   proof-­‐of-­‐principle	  of	  dual-­‐comb	  spectroscopy	  of	  laser-­‐induced	  plasmas	  113,	  time-­‐resolved	  broadband	   spectral	   analysis	   of	   laser-­‐ablated	   solid	   materials	   is	   performed	   and	  lays	   the	   first	   bases	   for	   in	  situ	   laser-­‐induced	  breakdown	   spectroscopy	  of	   solids,	  liquids	  and	  aerosols.	  The	  demonstrations	  have	  so	   far	  been	  accomplished	   in	   the	  near	   infrared	   region.	   Improvements	   to	   fibre-­‐,	   semiconductor-­‐	   and	   chip-­‐based	  instrumentation	  will	  render	  the	  sensors	  more	  compact,	  rugged	  and	  easy-­‐to-­‐use,	  even	   in	   harsh	   environments.	   Continued	   progress	   to	   mid-­‐infrared	   frequency-­‐comb	   sensing	   technology	  will	   increase	   the	   number	   of	   detectable	  molecules,	   as	  well	  as	  the	  detection	  sensitivity.	  	  	  4.5	  Applications	  to	  chemistry,	  biology	  and	  medicine	  Frequency	   combs	  will	   expand	   the	   capabilities	   of	   optical	   spectroscopy,	   spectro-­‐microscopy	   and	   hyperspectral	   imaging	   for	   chemical	   or	   bio-­‐medical	   analysis.	  Breath	  analysis	  by	  cavity-­‐enhanced	  direct	  frequency-­‐comb	  spectroscopy	  has	  also	  been	   envisioned	   114.	   An	   even	   more	   intriguing	   prospect	   is	   the	   potential	   of	  frequency	  combs	  for	  physical	  chemistry	  in	  condensed	  matter.	  Indeed,	  harnessing	  frequency	  combs	  for	  “low-­‐resolution”	  spectroscopy	  may	  initially	  be	  seen	  as	  non-­‐intuitive	  and	  thought	  provoking.	  However,	  converging	  insights	  and	  first	  proof-­‐of-­‐concepts	  provide	  a	   set	  of	  arguments.	  Chip-­‐scale	  dual-­‐comb	  spectrometers	  with	  mid-­‐infrared	   combs	   of	   large	   line-­‐spacing	   79,	   115	   may	   bring	   new	   tools	   for	   time-­‐resolved	   spectroscopy	   of	   samples	   in	   the	   condensed	   phase.	   First	   dual-­‐comb	  spectrometers	   for	   spectro-­‐imaging	   91,	   confocal	   microscopy	   96	   and	   near-­‐field	  microscopy	  116	  showcase	  a	  short	  measurement	  time	  per	  pixel	  and	  a	  high	  spectral	  resolution.	  	  	  4.6	  Towards	  a	  spectroscopy	  laboratory	  on	  a	  chip?	  	  The	  large	  line	  spacing	  of	   frequency	  comb	  synthesizers	  such	  as	  microresonators	  77-­‐79	   or	   quantum	   cascade	   lasers	   82,	  83	   renders	   them	  particularly	   suited	   for	   real-­‐time	  vibrational	  dual-­‐comb	  spectroscopy,	  especially	   in	   the	  mid-­‐infrared	  region.	  With	   continued	   technology	   progress,	   significantly	   broader	   spectral	   spans	   than	  currently	   reported	   may	   be	   achieved.	   In	   dual-­‐comb	   spectroscopy,	   a	   comb	   line	  spacing	   of	   the	   same	   order	   of	   magnitude	   as	   the	   resolution	   optimizes	   the	  measurement	   time	  91.	  Therefore	   frequency	  combs	  of	   large	  repetition	   frequency	  are	  pivotal	  to	  dual-­‐comb	  spectroscopy	  in	  condensed	  matter.	  For	  instance,	  combs	  with	   a	   line	   spacing	   of	   about	   20	   GHz	   and	   a	   span	   of	   20	   THz	  would	   in	   principle	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allow	  the	  recording	  of	  dual-­‐comb	  spectra	  of	  20-­‐GHz	  resolution	  at	  a	  refresh	  time	  of	   100	   ns	   (10	  MHz).	   The	   usually	   poor	   dynamic	   range	   of	  multiplex	   techniques,	  combined	  with	  very-­‐short	  detection	  times,	  may	  thus	  create	  significant	  technical	  difficulties,	   which	   might	   be	   overcome	   with	   clever	   pulse	   shaping	   or	   spectral	  filtering.	  Despite	  the	  daunting	  challenges	  related	  to	  the	  detection	  sensitivity,	  the	  prospect	   of	   a	   new	   tool	   for	   single-­‐shot	   time-­‐resolved	  multiplex	   spectroscopy	   is	  very	   appealing.	   In	   a	   long-­‐term	  vision,	   the	   frequency-­‐comb	   sources,	   the	   sample	  interrogation	   (which	   may	   include	   e.g.	   evanescent	   sensing	   as	   already	  demonstrated	  with	  a	  dual-­‐comb	  system	   in	   the	  gas	  phase	   117)	  and	   the	  detection	  system	  would	  be	  entirely	   integrated	  on	  a	  single	  chip-­‐scale	  device	   for	  analytical	  chemistry.	  	  	  	  
5.	  Conclusion	  	  Frequency	  comb	  spectroscopy	  is	  a	  recent	  field	  of	  research	  that	  has	  blossomed	  in	  the	  past	  five	  years.	  Extensive	  developments	  in	  laser	  technology	  have	  brought	  to	  fruition	   comb	   sources	   with	   specifications	   that	   often	   fulfill	   the	   experimental	  requirements	  of	   the	  various	  schemes	  of	   frequency	  comb	  spectroscopy.	  The	   last	  few	   years	   have	  witnessed	   remarkable	   advances	   in	   the	  mid-­‐infrared	  molecular	  fingerprint	   region,	   which	   appear	   ready	   to	   benefit	   laboratory	   (ro-­‐)vibrational	  spectroscopy	   and	   various	   applications	   to	   sensing.	   The	   (extreme)	   ultra-­‐violet	  region	   is	  still	   technically	  challenging	  and	  has	  been	   less	   investigated,	  despite	   its	  interest	   for	   electronic	   spectroscopy	   of	   atoms	   and	  molecules	   with	   applications	  that	  range	  from	  fundamental	  physics	  and	  chemistry	  to	   laboratory	  spectroscopy	  in	   support	   to	   astrophysics.	   The	   performance	   frontiers	   of	   the	   comb-­‐based	  instruments	   have	   been	   advanced	   quickly	   and,	   in	   many	   schemes,	   instrumental	  artifacts	   are	   understood,	   controlled	   and	   minimized.	   Broadband	   multiplex	   or	  multichannel	   spectra	   of	   the	   linear	   complex	   response	   of	   a	   sample	   become	  measurable	   across	   the	   THz,	   infrared	   and	   visible	   region	  with	   a	   frequency	   scale	  directly	   referenced	   to	   an	   atomic	   clock	   and	   an	   instrumental	   line-­‐shape	   of	  negligible	  contribution	  for	  transitions	  broadened	  by	  collisions	  or	  by	  the	  Doppler	  effect.	   Novel	   techniques	   of	   nonlinear	   spectroscopy	   and	   of	   multidimensional	  spectroscopy	  promise	  new	  insights	  into	  the	  structure	  of	  matter	  and	  its	  structural	  change	   and	   coupling	   in	   molecular	   dynamical	   processes.	   Frequency	   comb	  spectroscopy	  begins	  to	  investigate	  questions	  that	  had	  not	  been	  foreseen	  twenty	  years	   ago.	   The	   efforts	   are	   now	   shifting	   toward	   the	   physics,	   the	   chemistry,	   and	  maybe	  even	  the	  biology,	  that	  can	  be	  explored	  with	  the	  new	  tools.	  Recent	  reports	  indicate	  promising	  directions:	  with	  disentangled	  complex	  molecular	  spectra	  and	  multiplex	  Doppler-­‐free	  spectroscopy	  over	  a	  broad	  spectral	  bandwidth,	  precision	  spectroscopy	   may	   broaden	   its	   scope	   and	   provide	   new	   tests	   of	   fundamental	  physics	   and	   chemistry.	   Spectroscopy	   of	   single	   events,	   kinetics	   and	  microscopy	  with	   rapid	   spectrometers	   with	   capabilities	   of	   time-­‐resolution	   and	   spatial	  resolution	  may	  find	  applications	  in	  chemistry	  and	  biology.	  Nano-­‐photonics	  takes	  the	   instrumentation	   to	   the	   chip	   scale.	  We	   hope	   that	   this	   short	   account	   of	   the	  rapidly	  evolving	  field	  of	  frequency	  comb	  spectroscopy	  will	  help	  stimulate	  further	  developments	  of	  creative	  instrumentation	  and	  techniques,	  and	  that	  it	  will	  inspire	  future	   applications	   that	   take	   advantage	   of	   some	   of	   the	   emerging	   unique	  capabilities.	  
Frequency	  comb	  spectroscopy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  N.	  Picqué,	  T.	  W.	  Hänsch	  Preprint	  version	  of	  Nature	  Photonics	  13,	  146-­‐157	  (2019).	  
	   	  	  	  	  	  	  	  	  	  	  	  	  /27	  20
	  
Acknowledgments.	   Support	   by	   the	   Carl-­‐Friedrich-­‐von-­‐Siemens	   Foundation	   is	  gratefully	  acknowledged.	  
Correspondence.	   Correspondence	   should	   be	   addressed	   to	   Nathalie	   Picqué	  (nathalie.picque@mpq.mpg.de)	  
 
References	  
 1.	   Hänsch,	   T.W.	   Nobel	   Lecture:	   Passion	   for	   precision.	   Reviews	   of	   Modern	  
Physics	  	  78,	  1297-­‐1309	  (2006).	  2.	   Wilken,	  T.,	  Curto,	  G.L.,	  Probst,	  R.A.,	  Steinmetz,	  T.,	  Manescau,	  A.,	  Pasquini,	  L.,	   González	   Hernández,	   J.I.,	   Rebolo,	   R.,	   Hänsch,	   T.W.,	   Udem,	   T.	   &	  Holzwarth,	  R.	  A	  spectrograph	  for	  exoplanet	  observations	  calibrated	  at	  the	  centimetre-­‐per-­‐second	  level.	  Nature	  	  485,	  611-­‐614	  (2012).	  3.	   Baltuška,	   A.,	   Udem,	   T.,	   Uiberacker,	   M.,	   Hentschel,	   M.,	   Goulielmakis,	   E.,	  Gohle,	  C.,	  Holzwarth,	  R.,	  Yakovlev,	  V.S.,	  Scrinzi,	  A.,	  Hänsch,	  T.W.	  &	  Krausz,	  F.	   Attosecond	   control	   of	   electronic	   processes	   by	   intense	   light	   fields.	  
Nature	  	  421,	  611-­‐615	  (2003).	  4.	   Torres-­‐Company,	   V.	   &	  Weiner,	   A.M.	   Optical	   frequency	   comb	   technology	  for	  ultra-­‐broadband	  radio-­‐frequency	  photonics.	  Laser	  &	  Photonics	  Reviews	  	  
8,	  368-­‐393	  (2013).	  5.	   Maddaloni,	   P.,	   Bellini,	   M.	   &	   de	   Natale,	   P.	   Laser-­‐Based	  Measurements	   for	  
Time	   and	   Frequency	   Domain	   Applications:	   A	   Handbook.	   CRC	   Press,	  Taylor&Francis	  group:	  Boca	  Raton	  (Florida,	  USA),	  2013.	  6.	   Ye,	  J.	  &	  Cundiff,	  S.T.	  (eds).	  Femtosecond	  Optical	  Frequency	  Comb:	  Principle,	  
Operation	   and	   Applications.	   Springer	   Science	   +	   Business	   Media,	   Inc:	  Boston,	  USA,	  2005.	  7.	   Teets,	  R.,	  Eckstein,	   J.	  &	  Hänsch,	  T.W.	  Coherent	  Two-­‐Photon	  Excitation	  by	  Multiple	  Light	  Pulses.	  Physical	  Review	  Letters	  	  38,	  760-­‐764	  (1977).	  8.	   Eckstein,	  J.N.,	  Ferguson,	  A.I.	  &	  Hänsch,	  T.W.	  High-­‐Resolution	  Two-­‐Photon	  Spectroscopy	  with	   Picosecond	   Light	   Pulses.	  Physical	  Review	  Letters	   	  40,	  847-­‐850	  (1978).	  9.	   Baklanov,	   Y.V.	   &	   Chebotayev,	   V.P.	   Narrow	   resonances	   of	   two-­‐photon	  absorption	   of	   super-­‐narrow	   pulses	   in	   a	   gas.	   Applied	   Physics	   	  12,	   97-­‐99	  (1977).	  10.	   Eckstein,	   J.N.	   High	   resolution	   spectroscopy	   using	   multiple	   coherent	  interactions,	  PhD	  Thesis	  supervised	  by	  T.W.	  Hänsch.	  Stanford	  University,	  1978.	  11.	   Reichert,	   J.,	   Holzwarth,	   R.,	   Udem,	   T.	   &	   Hänsch,	   T.W.	   Measuring	   the	  frequency	  of	   light	  with	  mode-­‐locked	  lasers.	  Optics	  Communications	   	  172,	  59-­‐68	  (1999).	  12.	   Keilmann,	   F.,	   Gohle,	   C.	   &	   Holzwarth,	   R.	   Time-­‐domain	   mid-­‐infrared	  frequency-­‐comb	  spectrometer.	  Optics	  Letters	  	  29,	  1542-­‐1544	  (2004).	  13.	   Picqué,	  N.	  &	  Guelachvili,	  G.	  Femtosecond	  Frequency	  Combs:	  New	  Trends	  for	  Fourier	  Transform	  Spectroscopy.	  Paper	  FTuA2	  	  	  In:	  Fourier	  Transform	  
Spectroscopy/	   Hyperspectral	   Imaging	   and	   Sounding	   of	   the	   Environment;	  Alexandria,	   Virginia:	   Optical	   Society	   of	   America;	   2005.	   doi:	  10.1364/FTS.2005.FTuA2.	  
Frequency	  comb	  spectroscopy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  N.	  Picqué,	  T.	  W.	  Hänsch	  Preprint	  version	  of	  Nature	  Photonics	  13,	  146-­‐157	  (2019).	  
	   	  	  	  	  	  	  	  	  	  	  	  	  /27	  21
14.	   Yasui,	   T.,	   Kabetani,	   Y.,	   Saneyoshi,	   E.,	   Yokoyama,	   S.	  &	  Araki,	   T.	   Terahertz	  frequency	   comb	   by	   multifrequency-­‐heterodyning	   photoconductive	  detection	   for	   high-­‐accuracy,	   high-­‐resolution	   terahertz	   spectroscopy.	  
Applied	  Physics	  Letters	  	  88,	  241104	  (2006).	  15.	   Thorpe,	   M.J.,	   Moll,	   K.D.,	   Jones,	   R.J.,	   Safdi,	   B.	   &	   Ye,	   J.	   Broadband	   cavity	  ringdown	   spectroscopy	   for	   sensitive	   and	   rapid	   molecular	   detection.	  
Science	  	  311,	  1595-­‐1599	  (2006).	  16.	   Diddams,	  S.A.,	  Hollberg,	  L.	  &	  Mbele,	  V.	  Molecular	   fingerprinting	  with	   the	  resolved	   modes	   of	   a	   femtosecond	   laser	   frequency	   comb.	   Nature	   	   445,	  627-­‐630	  (2007).	  17.	   Gohle,	  C.,	  Stein,	  B.,	  Schliesser,	  A.,	  Udem,	  T.	  &	  Hänsch,	  T.W.	  Frequency	  comb	  vernier	   spectroscopy	   for	   broadband,	   high-­‐resolution,	   high-­‐sensitivity	  absorption	   and	   dispersion	   spectra.	   Physical	  Review	  Letters	   	  99,	   263902	  (2007).	  18.	   Coddington,	   I.,	   Swann,	  W.C.	   &	   Newbury,	   N.R.	   Coherent	  Multiheterodyne	  Spectroscopy	  Using	  Stabilized	  Optical	  Frequency	  Combs.	  Physical	  Review	  
Letters	  	  100,	  013902	  (2008).	  19.	   Mandon,	   J.,	   Guelachvili,	   G.	   &	   Picqué,	   N.	   Fourier	   transform	   spectroscopy	  with	  a	  laser	  frequency	  comb.	  Nature	  Photonics	  	  3,	  99-­‐102	  (2009).	  20.	   Marian,	   A.,	   Stowe,	   M.C.,	   Lawall,	   J.R.,	   Felinto,	   D.	   &	   Ye,	   J.	   United	   Time-­‐Frequency	  Spectroscopy	  for	  Dynamics	  and	  Global	  Structure.	  Science	  	  306,	  2063-­‐2068	  (2004).	  21.	   Kippenberg,	   T.J.,	   Gaeta,	   A.L.,	   Lipson,	   M.	   &	   Gorodetsky,	   M.L.	   Dissipative	  Kerr	  solitons	  in	  optical	  microresonators.	  Science	  	  361,	  eaan8083	  (2018).	  22.	   Stern,	   B.,	   Ji,	   X.,	   Okawachi,	   Y.,	   Gaeta,	   A.L.	   &	   Lipson,	   M.	   Battery-­‐operated	  integrated	  frequency	  comb	  generator.	  Nature	  	  562,	  401–405	  (2018).	  23.	   Wang,	  Z.,	  Van	  Gasse,	  K.,	  Moskalenko,	  V.,	  Latkowski,	  S.,	  Bente,	  E.,	  Kuyken,	  B.	  &	   Roelkens,	   G.	   A	   III-­‐V-­‐on-­‐Si	   ultra-­‐dense	   comb	   laser.	   Light:	   Science	   &	  
Applications	  	  6,	  e16260	  (2017).	  24.	   Long,	  D.A.,	  Fleisher,	  A.J.,	  Douglass,	  K.O.,	  Maxwell,	  S.E.,	  Bielska,	  K.,	  Hodges,	  J.T.	   &	   Plusquellic,	   D.F.	   Multiheterodyne	   spectroscopy	   with	   optical	  frequency	  combs	  generated	  from	  a	  continuous-­‐wave	  laser.	  Optics	  Letters	  	  
39,	  2688-­‐2690	  (2014).	  25.	   Millot,	   G.,	   Pitois,	   S.,	   Yan,	  M.,	   Hovhannisyan,	   T.,	   Bendahmane,	   A.,	   Hänsch,	  T.W.	   &	   Picqué,	   N.	   Frequency-­‐agile	   dual-­‐comb	   spectroscopy.	   Nature	  
Photonics	  	  10,	  27-­‐30	  (2016).	  26.	   Yardimci,	  N.T.,	  Yang,	  S.H.,	  Berry,	  C.W.	  &	  Jarrahi,	  M.	  High-­‐Power	  Terahertz	  Generation	   Using	   Large-­‐Area	   Plasmonic	   Photoconductive	   Emitters.	   Ieee	  
Transactions	  on	  Terahertz	  Science	  and	  Technology	  	  5,	  223-­‐229	  (2015).	  27.	   Burghoff,	  D.,	  Kao,	  T.-­‐Y.,	  Han,	  N.,	  Chan,	  C.W.I.,	  Cai,	  X.,	  Yang,	  Y.,	  Hayton,	  D.J.,	  Gao,	   J.-­‐R.,	   Reno,	   J.L.	   &	   Hu,	   Q.	   Terahertz	   laser	   frequency	   combs.	   Nature	  
Photonics	  	  8,	  462-­‐467	  (2014).	  28.	   Rösch,	  M.,	  Beck,	  M.,	  Süess	  Martin,	  J.,	  Bachmann,	  D.,	  Unterrainer,	  K.,	  Faist,	  J.	  &	  Scalari,	  G.	  Heterogeneous	  terahertz	  quantum	  cascade	   lasers	  exceeding	  1.9	   THz	   spectral	   bandwidth	   and	   featuring	   dual	   comb	   operation.	  
Nanophotonics	  	  7,	  237-­‐242	  (2018).	  29.	   Tammaro,	   S.,	   Pirali,	   O.,	   Roy,	   P.,	   Lampin,	   J.F.,	   Ducournau,	   G.,	   Cuisset,	   A.,	  Hindle,	  F.	  &	  Mouret,	  G.	  High	  density	  terahertz	  frequency	  comb	  produced	  
Frequency	  comb	  spectroscopy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  N.	  Picqué,	  T.	  W.	  Hänsch	  Preprint	  version	  of	  Nature	  Photonics	  13,	  146-­‐157	  (2019).	  
	   	  	  	  	  	  	  	  	  	  	  	  	  /27	  22
by	   coherent	   synchrotron	   radiation.	   Nature	   Communications	   	   6,	   7733	  (2015).	  30.	   Schliesser,	   A.,	   Picqué,	   N.	   &	  Hänsch,	   T.W.	  Mid-­‐infrared	   frequency	   combs.	  
Nature	  Photonics	  	  6,	  440-­‐449	  (2012).	  31.	   Duval,	   S.,	   Bernier,	   M.,	   Fortin,	   V.,	   Genest,	   J.,	   Piché,	   M.	   &	   Vallée,	   R.	  Femtosecond	   fiber	   lasers	   reach	   the	   mid-­‐infrared.	   Optica	   	   2,	   623-­‐626	  (2015).	  32.	   Schunemann,	   P.G.,	   Zawilski,	   K.T.,	   Pomeranz,	   L.A.,	   Creeden,	   D.J.	   &	   Budni,	  P.A.	   Advances	   in	   nonlinear	   optical	   crystals	   for	   mid-­‐infrared	   coherent	  sources.	  Journal	  of	  the	  Optical	  Society	  of	  America	  B	  	  33,	  D36-­‐D43	  (2016).	  33.	   Maidment,	  L.,	  Schunemann,	  P.G.	  &	  Reid,	  D.T.	  Molecular	  fingerprint-­‐region	  spectroscopy	  from	  5	  to	  12	  mu	  m	  using	  an	  orientation-­‐patterned	  gallium	  phosphide	   optical	   parametric	   oscillator.	   Optics	   Letters	   	   41,	   4261-­‐4264	  (2016).	  34.	   Seidel,	  M.,	  Xiao,	  X.,	  Hussain,	  S.A.,	  Arisholm,	  G.,	  Hartung,	  A.,	  Zawilski,	  K.T.,	  Schunemann,	   P.G.,	   Habel,	   F.,	   Trubetskov,	   M.,	   Pervak,	   V.,	   Pronin,	   O.	   &	  Krausz,	   F.	   Multi-­‐watt,	   multi-­‐octave,	   mid-­‐infrared	   femtosecond	   source.	  
Science	  Advances	  	  4,	  eaaq1526	  (2018).	  35.	   Wang,	   C.Y.,	   Herr,	   T.,	   Del'Haye,	   P.,	   Schliesser,	   A.,	   Hofer,	   J.,	   Holzwarth,	   R.,	  Hänsch,	  T.W.,	  Picqué,	  N.	  &	  Kippenberg,	  T.J.	  Mid-­‐infrared	  optical	  frequency	  combs	   at	   2.5	   µm	   based	   on	   crystalline	   microresonators.	   Nature	  
Communications	  	  4,	  1345	  (2013).	  36.	   Griffith,	  A.G.,	  Lau,	  R.K.W.,	  Cardenas,	  J.,	  Okawachi,	  Y.,	  Mohanty,	  A.,	  Fain,	  R.,	  Lee,	  Y.H.D.,	  Yu,	  M.,	  Phare,	  C.T.,	  Poitras,	  C.B.,	  Gaeta,	  A.L.	  &	  Lipson,	  M.	  Silicon-­‐chip	  mid-­‐infrared	  frequency	  comb	  generation.	  Nature	  Communications	  	  6,	  6299	  (2015).	  37.	   Lau,	  R.K.W.,	  Lamont,	  M.R.E.,	  Griffith,	  A.G.,	  Okawachi,	  Y.,	  Lipson,	  M.	  &	  Gaeta,	  A.L.	  Octave-­‐spanning	  mid-­‐infrared	  supercontinuum	  generation	   in	   silicon	  nanowaveguides.	  Optics	  Letters	  	  39,	  4518-­‐4521	  (2014).	  38.	   Kuyken,	   B.,	   Ideguchi,	   T.,	   Holzner,	   S.,	   Yan,	   M.,	   Hänsch,	   T.W.,	   Van	  Campenhout,	   J.,	   Verheyen,	   P.,	   Coen,	   S.,	   Leo,	   F.,	   Baets,	   R.,	   Roelkens,	   G.	   &	  Picqué,	  N.	  An	  octave-­‐spanning	  mid-­‐infrared	  frequency	  comb	  generated	  in	  a	  silicon	  nanophotonic	  wire	  waveguide.	  Nature	  Communications	   	  6,	  6310	  (2015).	  39.	   Singh,	  N.,	  Hudson,	  D.D.,	   Yu,	   Y.,	   Grillet,	   C.,	   Jackson,	   S.D.,	   Casas-­‐Bedoya,	  A.,	  Read,	   A.,	   Atanackovic,	   P.,	   Duvall,	   S.G.,	   Palomba,	   S.,	   Luther-­‐Davies,	   B.,	  Madden,	   S.,	   Moss,	   D.J.	   &	   Eggleton,	   B.J.	   Midinfrared	   supercontinuum	  generation	  from	  2	  to	  6	  microns	  in	  a	  silicon	  nanowire.	  Optica	   	  2,	  797-­‐802	  (2015).	  40.	   Gaeta,	   A.,	   Lipson,	   M.	   &	   Kippenberg,	   T.J.	   Photonic-­‐chip-­‐based	   frequency	  combs.	  Nature	  Photonics	  	  13,	  158-­‐169	  (2019).	  41.	   Hugi,	  A.,	  Villares,	  G.,	  Blaser,	  S.,	  Liu,	  H.C.	  &	  Faist,	  J.	  Mid-­‐infrared	  frequency	  comb	  based	  on	  a	  quantum	  cascade	  laser.	  Nature	  	  492,	  229-­‐233	  (2012).	  42.	   Sterczewski,	  L.A.,	  Westberg,	   J.,	  Patrick,	  C.L.,	  Soo	  Kim,	  C.,	  Kim,	  M.,	  Canedy,	  C.L.,	  Bewley,	  W.W.,	  Merritt,	  C.D.,	  Vurgaftman,	  I.,	  Meyer,	  J.R.	  &	  Wysocki,	  G.	  Multiheterodyne	   spectroscopy	   using	   interband	   cascade	   lasers.	   Optical	  
Engineering	  	  57,	  011014	  (2018).	  
Frequency	  comb	  spectroscopy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  N.	  Picqué,	  T.	  W.	  Hänsch	  Preprint	  version	  of	  Nature	  Photonics	  13,	  146-­‐157	  (2019).	  
	   	  	  	  	  	  	  	  	  	  	  	  	  /27	  23
43.	   Zhao,	  S.,	  Gong,	  P.,	  Bai,	  L.,	  Xu,	  X.,	  Zhang,	  S.,	  Sun,	  Z.,	  Lin,	  Z.,	  Hong,	  M.,	  Chen,	  C.	  &	   Luo,	   J.	   Beryllium-­‐free	   Li4Sr(BO3)2	   for	   deep-­‐ultraviolet	   nonlinear	  optical	  applications.	  Nature	  Communications	  	  5,	  4019	  (2014).	  44.	   Gohle,	   C.,	   Udem,	   T.,	   Herrmann,	   M.,	   Rauschenberger,	   J.,	   Holzwarth,	   R.,	  Schuessler,	   H.A.,	   Krausz,	   F.	   &	   Hänsch,	   T.W.	   A	   frequency	   comb	   in	   the	  extreme	  ultraviolet.	  Nature	  	  436,	  234-­‐237	  (2005).	  45.	   Jones,	   R.J.,	   Moll,	   K.D.,	   Thorpe,	   M.J.	   &	   Ye,	   J.	   Phase-­‐Coherent	   Frequency	  Combs	  in	  the	  Vacuum	  Ultraviolet	  via	  High-­‐Harmonic	  Generation	  inside	  a	  Femtosecond	   Enhancement	   Cavity.	   Physical	   Review	  Letters	   	  94,	   193201	  (2005).	  46.	   Porat,	  G.,	  Heyl,	  C.M.,	  Schoun,	  S.B.,	  Benko,	  C.,	  Dörre,	  N.,	  Corwin,	  K.L.	  &	  Ye,	  J.	  Phase-­‐matched	   extreme-­‐ultraviolet	   frequency-­‐comb	   generation.	   Nature	  
Photonics	  	  12,	  387-­‐391	  (2018).	  47.	   Cingöz,	  A.,	  Yost,	  D.C.,	  Allison,	  T.K.,	  Ruehl,	  A.,	  Fermann,	  M.E.,	  Hartl,	  I.	  &	  Ye,	  J.	  Direct	   frequency	   comb	   spectroscopy	   in	   the	   extreme	   ultraviolet.	  Nature	  	  
482,	  68-­‐71	  (2012).	  48.	   Yost,	   D.C.,	  Matveev,	   A.,	   Grinin,	   A.,	   Peters,	   E.,	  Maisenbacher,	   L.,	   Beyer,	   A.,	  Pohl,	   R.,	   Kolachevsky,	   N.,	   Khabarova,	   K.,	   Hänsch,	   T.W.	   &	   Udem,	   T.	  Spectroscopy	  of	  the	  hydrogen	  1S-­‐3S	  transition	  with	  chirped	  laser	  pulses.	  
Physical	  Review	  A	  	  93,	  042509	  (2016).	  49.	   Solaro,	   C.,	   Meyer,	   S.,	   Fisher,	   K.,	   DePalatis,	   M.V.	   &	   Drewsen,	   M.	   Direct	  Frequency-­‐Comb-­‐Driven	   Raman	   Transitions	   in	   the	   Terahertz	   Range.	  
Physical	  Review	  Letters	  	  120,	  253601	  (2018).	  50.	   Barmes,	  I.,	  Witte,	  S.	  &	  Eikema,	  K.S.E.	  Spatial	  and	  spectral	  coherent	  control	  with	  frequency	  combs.	  Nature	  Photonics	  	  7,	  38-­‐42	  (2012).	  51.	   Morgenweg,	   J.,	   Barmes,	   I.	   &	   Eikema,	   K.S.E.	   Ramsey-­‐comb	   spectroscopy	  with	  intense	  ultrashort	  laser	  pulses.	  Nature	  Physics	  	  10,	  30-­‐33	  (2013).	  52.	   Altmann,	  R.K.,	  Dreissen,	  L.S.,	  Salumbides,	  E.J.,	  Ubachs,	  W.	  &	  Eikema,	  K.S.E.	  Deep-­‐Ultraviolet	   Frequency	   Metrology	   of	   H2	   for	   Tests	   of	   Molecular	  Quantum	  Theory.	  Physical	  Review	  Letters	  	  120,	  043204	  (2018).	  53.	   Nugent-­‐Glandorf,	  L.,	  Neely,	  T.,	  Adler,	  F.,	  Fleisher,	  A.J.,	  Cossel,	  K.C.,	  Bjork,	  B.,	  Dinneen,	  T.,	   Ye,	   J.	  &	  Diddams,	   S.A.	  Mid-­‐infrared	  virtually	   imaged	  phased	  array	   spectrometer	   for	   rapid	   and	   broadband	   trace	   gas	   detection.	  Optics	  
Letters	  	  37,	  3285-­‐3287	  (2012).	  54.	   Yu,	   M.,	   Okawachi,	   Y.,	   Joshi,	   C.,	   Ji,	   X.,	   Lipson,	   M.	   &	   Gaeta,	   A.L.	   Gas-­‐Phase	  Microresonator-­‐Based	   Comb	   Spectroscopy	   without	   an	   External	   Pump	  Laser.	  ACS	  Photonics	  	  5,	  2780-­‐2785	  (2018).	  55.	   Bjork,	  B.J.,	  Bui,	  T.Q.,	  Heckl,	  O.H.,	  Changala,	  P.B.,	  Spaun,	  B.,	  Heu,	  P.,	  Follman,	  D.,	   Deutsch,	   C.,	   Cole,	   G.D.,	   Aspelmeyer,	   M.,	   Okumura,	   M.	   &	   Ye,	   J.	   Direct	  frequency	   comb	  measurement	   of	   OD	   plus	   CO	   -­‐>	   DOCO	   kinetics.	   Science	  	  
354,	  444-­‐448	  (2016).	  56.	   Griffiths,	   P.R.	   &	  De	  Haseth,	   J.A.	  Fourier	  Transform	   Infrared	  Spectroscopy,	  2nd	  edn.	  John	  Wiley	  &	  Sons	  Inc.:	  Hoboken,	  New	  Jersey,	  2007.	  57.	   Foltynowicz,	  A.,	  Ban,	  T.,	  Masłowski,	  P.,	  Adler,	  F.	  &	  Ye,	   J.	  Quantum-­‐Noise-­‐Limited	   Optical	   Frequency	   Comb	   Spectroscopy.	   Physical	   Review	   Letters	  	  
107,	  233002	  (2011).	  58.	   Spaun,	  B.,	  Changala,	  P.B.,	  Patterson,	  D.,	  Bjork,	  B.J.,	  Heckl,	  O.H.,	  Doyle,	  J.M.	  &	  Ye,	   J.	   Continuous	   probing	   of	   cold	   complex	   molecules	   with	   infrared	  frequency	  comb	  spectroscopy.	  Nature	  	  533,	  517-­‐520	  (2016).	  
Frequency	  comb	  spectroscopy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  N.	  Picqué,	  T.	  W.	  Hänsch	  Preprint	  version	  of	  Nature	  Photonics	  13,	  146-­‐157	  (2019).	  
	   	  	  	  	  	  	  	  	  	  	  	  	  /27	  24
59.	   Changala,	   P.B.,	   Weichman,	   M.L.,	   Lee,	   K.F.,	   Fermann,	   M.E.	   &	   Ye,	   J.	  Rovibrational	  quantum	  state	  resolution	  of	  the	  C60	  fullerene.	  Science	  	  363,	  49-­‐54	  (2019).	  60.	   Lee,	   S.-­‐J.,	   Widiyatmoko,	   B.,	   Kourogi,	   M.	   &	   Ohtsu,	   M.	   Ultrahigh	   Scanning	  Speed	   Optical	   Coherence	   Tomography	   Using	   Optical	   Frequency	   Comb	  Generators.	  Japanese	  Journal	  of	  Applied	  Physics	  	  40,	  L878-­‐L880	  (2001).	  61.	   Ozawa,	  A.,	  Davila-­‐Rodriguez,	  J.,	  Bounds,	  J.R.,	  Schuessler,	  H.A.,	  Hänsch,	  T.W.	  &	  Udem,	  T.	   Single	   ion	   fluorescence	  excited	  with	  a	   single	  mode	  of	   an	  UV	  frequency	  comb.	  Nature	  Communications	  	  8,	  44	  (2017).	  62.	   Chen,	   Z.,	   Yan,	   M.,	   Hänsch,	   T.W.	   &	   Picqué,	   N.	   A	   phase-­‐stable	   dual-­‐comb	  interferometer.	  Nature	  Communications	  	  9,	  3035	  (2018).	  63.	   Jacquet,	   P.,	   Mandon,	   J.,	   Bernhardt,	   B.,	   Holzwarth,	   R.,	   Guelachvili,	   G.,	  Hänsch,	   T.W.	   &	   Picqué,	   N.	   Frequency	   Comb	   Fourier	   Transform	  Spectroscopy	   with	   kHz	   Optical	   Resolution.	   Paper	   FMB2	   	   	   In:	   Fourier	  
Transform	  Spectroscopy;	  Vancouver:	  Optical	  Society	  of	  America;	  2009.	  doi:	  10.1364/FTS.2009.FMB2.	  64.	   Zolot,	   A.M.,	   Giorgetta,	   F.R.,	   Baumann,	   E.,	   Nicholson,	   J.W.,	   Swann,	   W.C.,	  Coddington,	  I.	  &	  Newbury,	  N.R.	  Direct-­‐comb	  molecular	  spectroscopy	  with	  accurate,	   resolved	   comb	   teeth	   over	   43	  THz.	  Optics	  Letters	   	  37,	   638-­‐640	  (2012).	  65.	   Okubo,	  S.,	  Iwakuni,	  K.,	  Inaba,	  H.,	  Hosaka,	  K.,	  Onae,	  A.,	  Sasada,	  H.	  &	  Hong,	  F.-­‐L.	   Ultra-­‐broadband	   dual-­‐comb	   spectroscopy	   across	   1.0–1.9	   µm.	   Applied	  
Physics	  Express	  	  8,	  082402	  (2015).	  66.	   Chen,	  Z.,	  Hänsch,	  T.W.	  &	  Picqué,	  N.	  Mid-­‐infrared	  feed-­‐forward	  dual-­‐comb	  spectroscopy.	   Proceedings	   of	   the	   National	   Academy	   of	   Sciences	   of	   the	  
United	  States	  of	  America	  	  published	  ahead	  of	  print	  February	  12,	  2019,	  	  (2019).	  67.	   Ideguchi,	   T.,	   Poisson,	   A.,	   Guelachvili,	   G.,	   Picqué,	   N.	   &	   Hänsch,	   T.W.	  Adaptive	   real-­‐time	   dual-­‐comb	   spectroscopy.	  Nature	  Communications	   	  5,	  3375	  (2014).	  68.	   Roy,	   J.,	   Deschênes,	   J.-­‐D.,	   Potvin,	   S.	   &	   Genest,	   J.	   Continuous	   real-­‐time	  correction	   and	   averaging	   for	   frequency	   comb	   interferometry.	   Optics	  
Express	  	  20,	  21932-­‐21939	  (2012).	  69.	   Burghoff,	   D.,	   Yang,	   Y.	   &	   Hu,	   Q.	   Computational	   multiheterodyne	  spectroscopy.	  Science	  Advances	  	  2,	  e1601227	  (2016).	  70.	   Ycas,	  G.,	  Giorgetta,	  F.R.,	  Baumann,	  E.,	  Coddington,	  I.,	  Herman,	  D.,	  Diddams,	  S.A.	   &	   Newbury,	   N.R.	   High-­‐coherence	   mid-­‐infrared	   dual-­‐comb	  spectroscopy	   spanning	   2.6	   to	   5.2	  mu	  m.	  Nature	  Photonics	   	  12,	   202-­‐208	  (2018).	  71.	   Zhao,	   X.,	   Hu,	   G.,	   Zhao,	   B.,	   Li,	   C.,	   Pan,	   Y.,	   Liu,	   Y.,	   Yasui,	   T.	   &	   Zheng,	   Z.	  Picometer-­‐resolution	   dual-­‐comb	   spectroscopy	   with	   a	   free-­‐running	   fiber	  laser.	  Optics	  Express	  	  24,	  21833-­‐21845	  (2016).	  72.	   Mehravar,	  S.,	  Norwood,	  R.A.,	  Peyghambarian,	  N.	  &	  Kieu,	  K.	  Real-­‐time	  dual-­‐comb	  spectroscopy	  with	  a	  free-­‐running	  bidirectionally	  mode-­‐locked	  fiber	  laser.	  Applied	  Physics	  Letters	  	  108,	  231104	  (2016).	  73.	   Yang,	  Q.-­‐F.,	  Yi,	  X.,	  Yang,	  K.Y.	  &	  Vahala,	  K.	  Counter-­‐propagating	  solitons	  in	  microresonators.	  Nature	  Photonics	  	  11,	  560	  (2017).	  
Frequency	  comb	  spectroscopy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  N.	  Picqué,	  T.	  W.	  Hänsch	  Preprint	  version	  of	  Nature	  Photonics	  13,	  146-­‐157	  (2019).	  
	   	  	  	  	  	  	  	  	  	  	  	  	  /27	  25
74.	   Link,	   S.M.,	   Maas,	   D.J.H.C.,	   Waldburger,	   D.	   &	   Keller,	   U.	   Dual-­‐comb	  spectroscopy	   of	   water	   vapor	   with	   a	   free-­‐running	   semiconductor	   disk	  laser.	  Science	  	  356,	  1164-­‐1168	  (2017).	  75.	   Yan,	  M.,	  Luo,	  P.-­‐L.,	   Iwakuni,	  K.,	  Millot,	  G.,	  Hänsch,	  T.W.	  &	  Picqué,	  N.	  Mid-­‐infrared	   dual-­‐comb	   spectroscopy	   with	   electro-­‐optic	   modulators.	   Light:	  
Science	  &	  Applications	  	  6,	  e17076	  (2017).	  76.	   Bernhardt,	  B.,	  Ozawa,	  A.,	   Jacquet,	  P.,	   Jacquey,	  M.,	  Kobayashi,	  Y.,	  Udem,	  T.,	  Holzwarth,	  R.,	  Guelachvili,	  G.,	  Hänsch,	  T.W.	  &	  Picqué,	  N.	  Cavity-­‐enhanced	  dual-­‐comb	  spectroscopy.	  Nature	  Photonics	  	  4,	  55-­‐57	  (2010).	  77.	   Suh,	   M.-­‐G.,	   Yang,	   Q.-­‐F.,	   Yang,	   K.Y.,	   Yi,	   X.	   &	   Vahala,	   K.J.	   Microresonator	  soliton	  dual-­‐comb	  spectroscopy.	  Science	  	  354,	  600-­‐603	  (2016).	  78.	   Dutt,	  A.,	  Joshi,	  C.,	  Ji,	  X.C.,	  Cardenas,	  J.,	  Okawachi,	  Y.,	  Luke,	  K.,	  Gaeta,	  A.L.	  &	  Lipson,	  M.	  On-­‐chip	  dual-­‐comb	  source	   for	  spectroscopy.	  Science	  Advances	  	  
4,	  e1701858	  (2018).	  79.	   Yu,	   M.,	   Okawachi,	   Y.,	   Griffith,	   A.G.,	   Picqué,	   N.,	   Lipson,	   M.	   &	   Gaeta,	   A.L.	  Silicon-­‐chip-­‐based	   mid-­‐infrared	   dual-­‐comb	   spectroscopy.	   Nature	  
Communications	  	  9,	  1869	  (2018).	  80.	   Ideguchi,	   T.,	   Poisson,	   A.,	   Guelachvili,	   G.,	   Hänsch,	   T.W.	   &	   Picqué,	   N.	  Adaptive	  dual-­‐comb	  spectroscopy	  in	  the	  green	  region.	  Optics	  Letters	   	  37,	  4847-­‐4849	  (2012).	  81.	   Hipke,	   A.,	  Meek,	   S.A.,	   Ideguchi,	   T.,	   Hänsch,	   T.W.	  &	   Picqué,	  N.	   Broadband	  Doppler-­‐limited	   two-­‐photon	   and	   stepwise	   excitation	   spectroscopy	   with	  laser	  frequency	  combs.	  Physical	  Review	  A	  	  90,	  011805	  (2014).	  82.	   Villares,	  G.,	  Hugi,	  A.,	  Blaser,	  S.	  &	  Faist,	  J.	  Dual-­‐comb	  spectroscopy	  based	  on	  quantum-­‐cascade-­‐laser	   frequency	   combs.	   Nature	   Communications	   	   5,	  5192	  (2014).	  83.	   Yang,	  Y.,	  Burghoff,	  D.,	  Hayton,	  D.J.,	  Gao,	  J.-­‐R.,	  Reno,	  J.L.	  &	  Hu,	  Q.	  Terahertz	  multiheterodyne	   spectroscopy	   using	   laser	   frequency	   combs.	   Optica	   	   3,	  499-­‐502	  (2016).	  84.	   Bernhardt,	   B.,	   Sorokin,	   E.,	   Jacquet,	   P.,	   Thon,	  R.,	   Becker,	   T.,	   Sorokina,	   I.T.,	  Picqué,	   N.	   &	   Hänsch,	   T.W.	   Mid-­‐infrared	   dual-­‐comb	   spectroscopy	   with	  2.4	  µm	  Cr2+:ZnSe	  femtosecond	  lasers.	  Applied	  Physics	  B	  	  100,	  3-­‐8	  (2010).	  85.	   Muraviev,	   A.V.,	   Smolski,	   V.O.,	   Loparo,	   Z.E.	  &	  Vodopyanov,	   K.L.	  Massively	  parallel	   sensing	   of	   trace	   molecules	   and	   their	   isotopologues	   with	  broadband	  subharmonic	  mid-­‐infrared	  frequency	  combs.	  Nature	  Photonics	  	  
12,	  209-­‐214	  (2018).	  86.	   Jin,	   Y.,	   Cristescu,	   S.M.,	   Harren,	   F.J.M.	   &	   Mandon,	   J.	   Femtosecond	   optical	  parametric	  oscillators	  toward	  real-­‐time	  dual-­‐comb	  spectroscopy.	  Applied	  
Physics	  B	  	  119,	  65-­‐74	  (2015).	  87.	   Kara,	  O.,	  Maidment,	  L.,	  Gardiner,	  T.,	   Schunemann,	  P.G.	  &	  Reid,	  D.T.	  Dual-­‐comb	  spectroscopy	  in	  the	  spectral	  fingerprint	  region	  using	  OPGaP	  optical	  parametric	  oscillators.	  Optics	  Express	  	  25,	  32713-­‐32721	  (2017).	  88.	   Zhu,	   F.,	   Bicer,	   A.,	   Askar,	   R.,	   Bounds,	   J.,	   Kolomenski,	   i.A.A.,	   Kelessides,	   V.,	  Amani,	   M.	   &	   Schuessler,	   H.A.	   Mid-­‐infrared	   dual	   frequency	   comb	  spectroscopy	   based	   on	   fiber	   lasers	   for	   the	   detection	   of	   methane	   in	  ambient	  air.	  Laser	  Physics	  Letters	  	  12,	  095701	  (2015).	  89.	   Finneran,	   I.A.,	  Good,	   J.T.,	  Holland,	  D.B.,	  Carroll,	  P.B.,	  Allodi,	  M.A.	  &	  Blake,	  G.A.	   Decade-­‐Spanning	   High-­‐Precision	   Terahertz	   Frequency	   Comb.	   Phys.	  
Rev.	  Lett.	  	  114,	  163902	  (2015).	  
Frequency	  comb	  spectroscopy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  N.	  Picqué,	  T.	  W.	  Hänsch	  Preprint	  version	  of	  Nature	  Photonics	  13,	  146-­‐157	  (2019).	  
	   	  	  	  	  	  	  	  	  	  	  	  	  /27	  26
90.	   Yasui,	   T.,	   Ichikawa,	   R.,	   Hsieh,	   Y.-­‐D.,	   Hayashi,	   K.,	   Cahyadi,	   H.,	   Hindle,	   F.,	  Sakaguchi,	  Y.,	  Iwata,	  T.,	  Mizutani,	  Y.,	  Yamamoto,	  H.,	  Minoshima,	  K.	  &	  Inaba,	  H.	  Adaptive	  sampling	  dual	   terahertz	  comb	  spectroscopy	  using	  dual	   free-­‐running	  femtosecond	  lasers.	  Scientific	  Reports	  	  5,	  10786	  (2015).	  91.	   Ideguchi,	  T.,	  Holzner,	  S.,	  Bernhardt,	  B.,	  Guelachvili,	  G.,	  Picqué,	  N.	  &	  Hänsch,	  T.W.	   Coherent	   Raman	   spectro-­‐imaging	   with	   laser	   frequency	   combs.	  
Nature	  	  502,	  355-­‐358	  (2013).	  92.	   Ideguchi,	   T.,	   Bernhardt,	   B.,	   Guelachvili,	   G.,	   Hänsch,	   T.W.	   &	   Picqué,	   N.	  Raman-­‐induced	  Kerr-­‐effect	  dual-­‐comb	  spectroscopy.	  Opt.	  Lett.	   	  37,	  4498-­‐4500	  (2012).	  93.	   Asahara,	  A.	  &	  Minoshima,	  K.	  Development	  of	  ultrafast	  time-­‐resolved	  dual-­‐comb	  spectroscopy.	  APL	  Photonics	  	  2,	  041301	  (2017).	  94.	   Meek,	   S.A.,	  Hipke,	  A.,	   Guelachvili,	   G.,	  Hänsch,	  T.W.	  &	  Picqué,	  N.	  Doppler-­‐free	  Fourier	  transform	  spectroscopy.	  Optics	  Letters	  	  43,	  162-­‐165	  (2018).	  95.	   Fleisher,	   A.J.,	   Long,	   D.A.,	   Reed,	   Z.D.,	   Hodges,	   J.T.	   &	   Plusquellic,	   D.F.	  Coherent	   cavity-­‐enhanced	   dual-­‐comb	   spectroscopy.	   Optics	   Express	   	   24,	  10424-­‐10434	  (2016).	  96.	   Hase,	  E.,	  Minamikawa,	  T.,	  Mizuno,	  T.,	  Miyamoto,	  S.,	  Ichikawa,	  R.,	  Hsieh,	  Y.-­‐D.,	  Shibuya,	  K.,	  Sato,	  K.,	  Nakajima,	  Y.,	  Asahara,	  A.,	  Minoshima,	  K.,	  Mizutani,	  Y.,	   Iwata,	  T.,	   Yamamoto,	  H.	  &	  Yasui,	   T.	   Scan-­‐less	   confocal	   phase	   imaging	  based	  on	  dual-­‐comb	  microscopy.	  Optica	  	  5,	  634-­‐643	  (2018).	  97.	   Coluccelli,	  N.,	  Cassinerio,	  M.,	  Redding,	  B.,	  Cao,	  H.,	  Laporta,	  P.	  &	  Galzerano,	  G.	   The	   optical	   frequency	   comb	   fibre	   spectrometer.	   Nature	  
Communications	  	  7,	  12995	  (2016).	  98.	   Lee,	  K.,	  Lee,	  J.,	  Jang,	  Y.-­‐S.,	  Han,	  S.,	  Jang,	  H.,	  Kim,	  Y.-­‐J.	  &	  Kim,	  S.-­‐W.	  Fourier-­‐transform	   spectroscopy	   using	   an	   Er-­‐doped	   fiber	   femtosecond	   laser	   by	  sweeping	  the	  pulse	  repetition	  rate.	  Scientific	  Reports	  	  5,	  15726	  (2015).	  99.	   Gambetta,	  A.,	  Cassinerio,	  M.,	  Gatti,	  D.,	  Laporta,	  P.	  &	  Galzerano,	  G.	  Scanning	  micro-­‐resonator	  direct-­‐comb	  absolute	  spectroscopy.	  Scientific	  Reports	   	  6,	  35541	  (2016).	  100.	   Urabe,	  K.	  &	  Sakai,	  O.	  Absorption	  spectroscopy	  using	  interference	  between	  optical	   frequency	   comb	   and	   single-­‐wavelength	   laser.	   Applied	   Physics	  
Letters	  	  101,	  051105	  (2012).	  101.	   Siciliani	  de	  Cumis,	  M.,	  Eramo,	  R.,	  Coluccelli,	  N.,	  Cassinerio,	  M.,	  Galzerano,	  G.,	   Laporta,	   P.,	   De	  Natale,	   P.	  &	   Cancio	   Pastor,	   P.	   Tracing	   part-­‐per-­‐billion	  line	   shifts	   with	   direct-­‐frequency-­‐comb	   Vernier	   spectroscopy.	   Physical	  
Review	  A	  	  91,	  012505	  (2015).	  102.	   Schroeder,	  P.J.,	   Cich,	  M.J.,	   Yang,	   J.,	   Swann,	  W.C.,	   Coddington,	   I.,	  Newbury,	  N.R.,	  Drouin,	  B.J.	  &	  Rieker,	  G.B.	  Broadband,	  high-­‐resolution	   investigation	  of	  advanced	  absorption	  line	  shapes	  at	  high	  temperature.	  Physical	  Review	  
A	  	  96,	  022514	  (2017).	  103.	   Bourbeau-­‐Hébert,	   N.,	   Michaud-­‐Belleau,	   V.,	   Perrella,	   C.,	   Truong,	   G.W.,	  Anstie,	   J.D.,	   Stace,	   T.M.,	   Genest,	   J.	   &	   Luiten,	   A.N.	   Real-­‐Time	   Dynamic	  Atomic	   Spectroscopy	   Using	   Electro-­‐Optic	   Frequency	   Combs.	   Physical	  
Review	  Applied	  	  6,	  044012	  (2016).	  104.	   Reber,	   M.A.R.,	   Chen,	   Y.	   &	   Allison,	   T.K.	   Cavity-­‐enhanced	   ultrafast	  spectroscopy:	  ultrafast	  meets	  ultrasensitive.	  Optica	  	  3,	  311-­‐317	  (2016).	  105.	   Kim,	   J.,	   Cho,	   B.,	   Yoon,	   T.H.	   &	   Cho,	   M.	   Dual-­‐Frequency	   Comb	   Transient	  Absorption:	   Broad	   Dynamic	   Range	   Measurement	   of	   Femtosecond	   to	  
Frequency	  comb	  spectroscopy	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  N.	  Picqué,	  T.	  W.	  Hänsch	  Preprint	  version	  of	  Nature	  Photonics	  13,	  146-­‐157	  (2019).	  
	   	  	  	  	  	  	  	  	  	  	  	  	  /27	  27
Nanosecond	   Relaxation	   Processes.	   The	   Journal	   of	   Physical	   Chemistry	  
Letters	  	  9,	  1866-­‐1871	  (2018).	  106.	   Avino,	   S.,	   Giorgini,	   A.,	   Salza,	  M.,	   Fabian,	  M.,	   Gagliardi,	   G.	   &	   De	  Natale,	   P.	  Evanescent-­‐wave	   comb	   spectroscopy	  of	   liquids	  with	   strongly	   dispersive	  optical	  fiber	  cavities.	  Applied	  Physics	  Letters	  	  102,	  201116	  (2013).	  107.	   Cho,	   B.,	   Yoon,	   T.H.	   &	   Cho,	   M.	   Dual-­‐comb	   spectroscopy	   of	   molecular	  electronic	  transitions	  in	  condensed	  phases.	  Physical	  Review	  A	  	  97,	  033831	  (2018).	  108.	   Ganz,	  T.,	  Brehm,	  M.,	  Ribbeck,	  H.G.v.,	  Weide,	  D.W.v.d.	  &	  Keilmann,	  F.	  Vector	  frequency-­‐comb	   Fourier-­‐transform	   spectroscopy	   for	   characterizing	  metamaterials.	  New	  Journal	  of	  Physics	  	  10,	  123007	  (2008).	  109.	   Apolonski,	  A.,	  Poppe,	  A.,	  Tempea,	  G.,	  Spielmann,	  C.,	  Udem,	  T.,	  Holzwarth,	  R.,	  Hänsch,	  T.W.	  &	  Krausz,	  F.	  Controlling	  the	  Phase	  Evolution	  of	  Few-­‐Cycle	  Light	  Pulses.	  Physical	  Review	  Letters	  	  85,	  740-­‐743	  (2000).	  110.	   Lomsadze,	   B.	   &	   Cundiff,	   S.T.	   Frequency	   combs	   enable	   rapid	   and	   high-­‐resolution	  multidimensional	   coherent	   spectroscopy.	  Science	   	  357,	   1389-­‐1391	  (2017).	  111.	   Bennett,	   K.,	   Rouxel,	   J.R.	   &	  Mukamel,	   S.	   Linear	   and	   nonlinear	   frequency-­‐	  and	   time-­‐domain	   spectroscopy	   with	   multiple	   frequency	   combs.	   The	  
Journal	  of	  Chemical	  Physics	  	  147,	  094304	  (2017).	  112.	   Coburn,	  S.,	  Alden,	  C.B.,	  Wright,	  R.,	  Cossel,	  K.C.,	  Baumann,	  E.,	  Truong,	  G.-­‐W.,	  Giorgetta,	   F.,	   Sweeney,	   C.,	   Newbury,	   N.R.,	   Prasad,	   K.,	   Coddington,	   I.	   &	  Rieker,	  G.B.	  Regional	   trace-­‐gas	   source	   attribution	  using	   a	   field-­‐deployed	  dual	  frequency	  comb	  spectrometer.	  Optica	  	  5,	  320-­‐327	  (2018).	  113.	   Bergevin,	  J.,	  Wu,	  T.-­‐H.,	  Yeak,	  J.,	  Brumfield,	  B.E.,	  Harilal,	  S.S.,	  Phillips,	  M.C.	  &	  Jones,	   R.J.	   Dual-­‐comb	   spectroscopy	   of	   laser-­‐induced	   plasmas.	   Nature	  
Communications	  	  9,	  1273	  (2018).	  114.	   Thorpe,	  M.J.,	   Balslev-­‐Clausen,	  D.,	   Kirchner,	  M.S.	  &	  Ye,	   J.	   Cavity-­‐enhanced	  optical	   frequency	   comb	   spectroscopy:	   application	   to	   human	   breath	  analysis.	  Optics	  Express	  	  16,	  2387-­‐2397	  (2008).	  115.	   Klocke,	   J.L.,	   Mangold,	   M.,	   Allmendinger,	   P.,	   Hugi,	   A.,	   Geiser,	   M.,	   Jouy,	   P.,	  Faist,	   J.	   &	   Kottke,	   T.	   Single-­‐shot	   sub-­‐microsecond	   mid-­‐infrared	  spectroscopy	  on	  protein	  reactions	  with	  quantum	  cascade	  laser	  frequency	  combs.	  Analytical	  Chemistry	  	  90,	  10494–10500	  (2018).	  116.	   Brehm,	   M.,	   Schliesser,	   A.	   &	   Keilmann,	   F.	   Spectroscopic	   near-­‐field	  microscopy	   using	   frequency	   combs	   in	   the	   mid-­‐infrared.	   Optics	   Express	  	  
14,	  11222-­‐11233	  (2006).	  117.	   Chen,	  Z.,	  Yan,	  M.,	  Hänsch,	  T.W.	  &	  Picqué,	  N.	  Evanescent-­‐Wave	  Gas	  Sensing	  with	   Dual-­‐Comb	   Spectroscopy.	   Paper	   SF1M.7	   	   	   In:	   Conference	   on	  Lasers	  
and	  Electro-­‐Optics;	  San	  Jose,	  California:	  Optical	  Society	  of	  America;	  2017.	  doi:	  10.1364/CLEO_SI.2017.SF1M.7.	  
 
 
 
 	  
